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Abstract 

The purpose of this paper is to estabhsh the theory of stochastic pseudo-differential operators 
and give its apphcations in stochastic partial differential equations. First, we introduce some 
concepts on stochastic pseudo-differential operators and prove their fundamental properties. 
Also, we present the boundedness theory, invertibility of stochastic elliptic operators and the 
Garding inequality. Moreover, as an application of the theory of stochastic pseudo-differential 
operators, we give a Calderon-type uniqueness theorem on the Cauchy problem of stochastic 
partial differential equations. The proof of the uniqueness theorem is based on a new Carleman- 
type estimate, which is adapted to the stochastic setting. 

1 Introduction 

During the past seventy years, more and more studies of stochastic phenomena have appeared. 
Research in this area is stimulated by the need to take account of random effects in the engineering 
and physical systems. For such systems, stochastic processes give a natural replacement for deter- 
ministic functions as mathematical descriptions. Since K. ltd introduced the stochastic integral, 
one of the main topics in Probability Theory and Stochastic Process has been the issue on stochas- 
tic differential equations. Compared to deterministic differential equations, stochastic differential 
equations are much more complicated. Indeed, one has to distinguish forward stochastic differential 
equations, backward stochastic differential equations and forward-backward stochastic differential 
equations in most of the interesting cases. Now, stochastic ordinary differential equations have 
been well-developed. However, stochastic partial differential equations (SPDEs for short) make 
slow progress. By now, the main tool in this field is of functional analysis nature. As far as we 
know, the real PDE-based approach is not well-developed. Meanwhile, we notice that the theory 
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of pseudo-differential operators has been a powerful tool in the study of general partial differen- 
tial equations, since it was established in 1960's. It plays a crucial role in the studies of existence, 
uniqueness and propagation of singularities for the solutions of partial differential equations. There- 
fore, we would like to introduce such a theory to the stochastic setting and regard it as a tool to 
solve the problems related to SPDEs. 

For this purpose, we establish the theory of stochastic pseudo-differential operators (SPDOs for 
short) and give some applications to SPDEs. First of all, we introduce some basic notions, which 
are adapted to the stochastic setting, including symbol, amplitude, SPDO, kernel and uniformly 
properly supported SPDO. Since a stochastic process has the variables on time and sample point, 
we add these two variables to all notions and endow them with suitable integrability. Also, in order 
for the symbol calculus, we study asymptotic expansions of a symbol, and eventually establish an 
algebra and generalized module of SPDOs. On the other hand, wc establish the L'P- boundedness 
theory, invcrtibility of stochastic elliptic operators and the Carding inequality, which are some 
fundamental results related to the energy estimates. Moreover, as an application of theory of 
SPDOs, we present a Calderon-type uniqueness theorem on the Cauchy problem of SPDEs. In his 
remarkable paper [2], A.-P. Calderon established a fundamental result on the uniqueness of the 
non-characteristic Cauchy problem for general partial differential equations. One of the main tools 
introduced in [2] is a preliminary version of the symbol calculation technique. Later, Calderon's 
uniqueness theorem was extended to the operators with characteristics of high multiplicity. We 
refer to [14] and the references cited therein for some deep results in this topic. However, as far as 
wc know, there is no work addressing the uniqueness on the Cauchy problem for general SPDEs. 
In this paper, we give a Calderon-type uniqueness result in the stochastic setting, by virtue of the 
theory of SPDOs. In order to present the key idea in the simplest way, we do not pursue the full 
technical generality. More precisely, we focus mainly on the Cauchy problem for SPDEs in the case 
of at most double characteristics. 

It is a little surprising that the theory of SPDOs was not available in the previous literatures 
although a related but clearly different theory for random pseudo-differential operators was in- 
troduced in [4]. It deserves to point out that the study of SPDOs seems to be of independent 
interest. We divide our results on SPDOs into two parts. In this paper, we present the first part 
and its applications. We will establish the stochastic micro-local analysis and develop singularity 
propagation theory for stochastic hyperbolic equations of second order in the forthcoming paper. 

The rest of this paper is organized as follows. Section 2 is devoted to the basic concepts and 
properties of SPDOs. In Section 3 we establish the boundedness theory. In Section 4 we give 
invcrtibility of stochastic elliptic operators and the Carding inequality. As an application of the 
theory of SPDOs, a Calderon-type uniqueness theorem is presented in Section 5. 

2 Calculus of stochastic pseudo-differential operators 

Pseudo-differential operators developed from the theory of singular integral operators, which were 
essentially pseudo-differential operators with homogeneous symbol of order 0. The appearance of 
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both Calderon's uniqueness theorem ([2]) and the index theorem for elHptic operators by M. F. 
Atiyah and I. M. Singer ([1]) showed the importance of the theory of singular integral operators. 
Shortly afterwards, J. J. Kohn and L. Nirenberg ([9]) removed the restriction to order and 
generalized the notions of pseudo-differential operators to the case of general poly homogeneous 
symbols. Later, L. Hormander ([6]) introduced pseudo-differential operators with the symbols of 
type {p,S), by the need to incorporate fundamental solutions of hypoelliptic operators of constant 
strength. Since the theory of pseudo-differential operators was established in 1960's, it has been 
an important mathematical branch ([5], [13]). It plays an important role in many fields, such as 
partial differential equations, harmonic analysis and differential geometry etc. 

In order to introduce the theory of pseudo-differential operators to the stochastic setting, in this 
section, we shall present some basic concepts and properties of SPDOs. First, we introduce some 
locally convex topological vector spaces, which will be used later. Then, we give the notions of 
symbol, amplitude, SPDO, kernel and uniformly properly supported SPDO in sequence. Moreover, 
we give asymptotic expansions of a symbol and establish an algebra and generalized module of 
SPDOs. 

To begin with, we give some usual notations. Throughout this paper, (Q, J^, {J^tjt^Q, P) is 
a complete filtered probability space, on which a one dimensional standard Brownian motion 
{w{t)}t>o is defined. Fix T > 0, n G ]N\{0}, m G N, ^ G R, p, q e [1, oo] and a domain G of R". i 
denotes the imaginary unit. Let H he a Banach space. We denote by Lj^{0, T; H) the set of all H- 

valued {^t}t>o-adapted process X{-) such that E / \X(t)\Krdt < oo; by L'^{0,T; H) the Banach 

Jo 

space consisting of all iJ-valued {J^t}t>o-adapted bounded processes; and by Lj^{Q;C"^{[0,T]; H)) 
the Banach space consisting of all i7- valued {Jt}t>o-adapted m-th order continuously differential 
processes X{-) such that E(|X(-)|^^^jq ^j.^^ < oo. Moreover, we simply write L^{0,T;1R) as 
L^O,T), and have the similar notations for Lf{0,T) and C""([0, T])). Furthermore, we 

denote by C(-) a generic constant, which may be different from one place to another. 



2.1 Basic function spaces 

In this subsection, we introduce some locally convex topological vector spaces, which will be used as 

the domain or range of a SPDO later. To begin with, we denote by T>{G) the topological space (with 
the usual inductive topology, see Page 54 in [12]) of infinitely differentiable functions supported by 
G; by £{G) the topological space of infinitely differentiable functions defined on G; and by S the 
topological space of rapidly decreasing functions. Let {Kj}j^t^ stand for a sequence of compact 
sets satisfying Kq C i^i C • • • and [J Kj = G. Then, we write 

\v\j,k,i = sup \d^v{x)\, (j, A; € N); 

x&Kj, |a|<fe 



sup |a°u(-,-,a;) 

xGKj, |a|<fc 



U, G N); 
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sup \x°'d^u(-,-,x)\ 



lc«l<J,l/3|<'= 



, (i, k G N), 

L^(o,r) 



where a and ^ are multi-indices. On the other hand, by Theorem 1.36 and Theorem 1.35 in [11], 
if ;B is a 0-neighborhood base for the inductive topology on ^{G), then for any 7 G 

j = {ve V{G); n^{v) < 1 }, 

where /x-y is the Minkowski functional of 7. Also, {/x-yj-yge is a family of generating semi-norms on 
V{G). Set 

Next, we define the following locally convex spaces: 

LP:{0,T;S{G)) = {u I u{t,uj,-) e £{G), a.e. (t,cj) G (0, T) x f); u{-,-,x) is {J't}t>o-adapted, 

for any x € G; and |u|pj,jt,i < 00, j, = 0, 1, • • •} , 

which is a Prechet space, generated by a sequence of semi-norms {| • \pj,k,i}j,ket<s', 
Ljr(0, r;5) = {u I u{t,u;,-) G <S, a.e. {t,u;) G (0, T) x Q; u{-,-,x) is {J^t}t>o-adapted, 

for any x G R"; and |'u|pj^fe^2 < 00, j, A; = 0, 1, • • •} , 
which is a Prechet space, generated by a sequence of semi-norms {| • \pj,k,2}j,k£i<s', 
L^{0,T;V{G)) = {u \ u(t,u,-) G V{G), a.e. {t,uj) G (0,r) x $7; u{-,-,x) is {J^t}t>o-adapted, 

for any x G G; and \u\p^-y < 00, for each 7 G ^B} , 

which is generated by a family of semi-norms {| • \p^j}j^B- 
In addition, for any compact set K C G and j G N, we write 

\v\K,j = sup \d^v{x)l \u\p,K,j = \\u{; ; •) kj li^^rcr) • 

xeK, \a\<j ' 

Then, T>k = { t; G C°°{G) \ supp?; C K} is a locally convex topological vector space, endowed 
with a sequence of semi-norms {| • \K,j}je^- Also, we introduce the following locally convex spaces: 

L'^{0,T;T>k) = {u I u{t,uj,-) G Vk, a.e. {t,u;) G (0,r) x Q; u{-,-,x) is {J't}t>o-adapted, 

for any x E: G; and Inlp^xj < 00, j = 0,1, ■ ■ ■} , 
which is generated by a sequence of semi-norms {| • \p,K,j}jeN] 

L^{0,T;Vg) = L^{0,T;Vk), which is endowed with the inductive topology. 

KCG is compact 

In order to characterize the topology and convergence in Lj^{0,T;'Dg), we first recall the fol- 
lowing known result. 



Lemma 2.1 ([12, Page 54]) Let Z and Zk (K G B, Q is an index set) be vector spaces, let qk he a 
linear mapping of Zk into Z, and let Tk be a locally convex topology on Zk- If we denote by T the 
inductive topology on Z with respect to the family {{Zk,^k, gK)', K € Q}, then a 0-neighborhood 
base for T is given by the family {U} of all balanced, convex, absorbing subsets of Z, such that for 
each K £Q, g]^{U) is a 0-neighborhood in {Zk,^k)- 

For our problem, for any compact set K QG, wc take Z = Ljr{0,T;T>G) and Zk = i^jr(0, T; P/^-). 
gK '■ Zk —?■ Z is canonical embedding and the topology Tk is generated by a sequence of semi- 
norms {I • \p,K,j}j£N- Then for the inductive topology T on Ljr(0, T; Pc), a 0-neighborhood base 
B is given by the family {U} of all balanced, convex, absorbing subsets of L^{0,T;Vg), such that 
for any compact set if C G, g]^{U) is a 0-neig hborhood in (L^(0, T; P^^), T^). 

Moreover, we recall another known result on locally convex spaces. 

Lemma 2.2 ([11, Theorem 1.37]) Suppose that V is a separating family of semi-norms on a vector 
space Z. For each (p &V and positive integer k, set 

V{(l>,k) = l^ueZ; <^(^)<^}- 

Let B be the collection of all finite intersections of the sets V{4),k). Then B is a balanced convex 
absorbing local base, which turns Z into a locally convex space. 

For any compact set K, by Lemma 2.2 and the definition of semi-norms {[•|p,i^j}jGN on L^(0, T; T>k)i 
it is easy to show that for any {ufclfceN ^ i^Tr(0, T; Vk), lim «fc = in L^-p{jd, T; Pi^) if and only if 

fc— >-oo 

for any j G IN, lim E / sup \d'^Uk{t,u,x)fdt = 0. 

fc-^-oo io xeK, \o.\<j 

In the remainder of this subsection, we give the following result on the convergence in Ljr(0, T; Vg). 

Proposition 2.1 For any {n^kgisf C L^(0,T;I?g); 1™ = in L^{0,T;'Dg) if and only if the 
following two conditions hold: 

(1) there exists a compact set if* such that suppuj{t,uj, ■) C for a.e. {t,Lo) G (0,T) x and 
any j G IN; 

(2) for any G IN, lim E / sup \d^Uj{t,uj,x)\Pdt = 0. 

J-s-oo Jo xeK^, \a\<k 

Proof. By Lemma 2.1 and Lemma 2.2, we have only to prove (1). Assume the contrary. Then there 
exist a subsequence of {uji^}kebi of {ujjjgN and a sequence of compact sets {iffc,*}fcgN satisfying 
ifo,* = 0, Ki,* Q if 2,* Q ■■■ and \J Kk,* = G, such that 

fcGN 

\uj^{t,LO,Xk)\> Ek, k = l,2,---, (2.1) 

for {t,Lj) G Tfc xilfc and a positive constant e^, where Xk G iffe,*\iffe_i,*, {Tk}k=i,2, - and {^k}k=i,2,— 
are two sequences of measurable sets (with positive measures) of (0, T) and O, respectively. Then, 
we define a semi-norm | • \p^^, on Ljr{0, T; Vq) {p > 1) as follows: 

l^lp,* = £ p/o\|T 1 / / ^''P 
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u(t, w, x) 



Ujk it,OJ,Xk) 



dtdP, 



where \Tk\ denotes the Lebesgue measure of Tfc. Notice that for any u e L^^{0,T;Vg), the right 
side of the above equahty is indeed a finite sum. Since G Kk^*\Kk-i,*, it is easy to see that 



u 



> 1 for any k = 1,2, ■ ■ ■. Therefore, if we write = Lj^{0,T;Vg) 



p,* 



< 1}, then 



any Uj^, {k = 1,2, ■ ■ •) does not belong to U^,. 

On the other hand, J7* is a 0-neighborhood in Ljr(0, T; Pg). In fact, by Lemma 2.1, it remains 
to prove that for any compact set K, Vk = C/* nLjr(0, T; Vk) is a 0-neighborhood in Ljr(0, T; Vk)- 
By the definition of the semi-norm | • |p *, it follows that 



Vk={ u e LP.iO,T;VK) 



y ^ / / sup 



u(t, UJ, x) 



Uj^{t,U,Xk) 



dtdP < 1 



We suppose that K has nonempty intersections with the sets (A; = 1, 2, ■ ■ ■ , z*), where 

i* = i*{K) is a positive integer. Then, for any u G Lj^{0,T;Vk), 



y ^ I I sup 

^%^mkm\U!'i 



)r\K 



u{t, UJ, x) 



sup 



Uj^. {t, u, Xk 



Uj^{t,U,Xk) 



dtdP 

p 

dtdP 



(2.2) 



< 



If we take iV* = 1 + 



\\rr \J> ^ / ^^v\u{t,oj,x)\P dt. 
^_^P{\lk)\lk\e^^ Jo xeK 

then by (2.2), 



1 



,^,pm\n\ei\ 



u 



GLP{0,T;Vk) 



E 



/ sup\u{t,u;,x)\Pdt<^\ CVk, 
Jo xeK -'V* I 



where [£] denotes the integral part of a real number £. Therefore, Vr- is a 0-neighborhood of 
Lj^{0,T;Vk)- This implies that {"UjljeN cannot be a sequence converging to in Lj^(0,T;Vg)- 
This contradiction proves that (1) must be true. Similarly, we can get the desired result for p = oo. 
The proof is completed. □ 

2.2 Symbol and stochastic pseudo-diflferential operators 

In this subsection, we use the Fourier integral representation to define SPDOs. For this purpose, 
we first introduce the notion of symbols. Compared to the classical one in the deterministic case, 
we add two variables t and u, and endow them with the integr ability. 

Definition 2.1 A complex-valued function a is called a symbol of order {£,p) if a satisfies the 
following conditions: 

(1) a{t,u;,;-) G C°°{G x R"), a.e. {t,oj) G (0,T) x n,- 

(2) a{-,-,x,^) is {Tt}t>o-adapted, V (x,^) G G x R"; 
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(3) for any two multi-indices a and j3, and any compact set K C. G, there exists a nonnegative 
function M^^p^Ki', £ L^{0,T) such that 

dp^,a{t,io,x,0\ < M,,^,^(t,w)(l + 
for a.e. {t,u) G (0,r) x n and any (x,^) eK xW. We write a G S^{G x WC) for shoH. 

Remark 2.1 In Definition 2.1, if G = R" and -Ma^^ x(') •) = Ma^pi-, ■), which is independent of 
the compact set K, we set a £ Sp. 

By Definition 2.1, it is easy to show that for any £i, £2 € E-, if £1 < £2, then Sp^{G x R"^) C 
S^p^{G X R'^). Therefore, we write 

S^{G X R'^) = y S^p{G X R"), S-°°{G x R") = f| S^p{G x R"). 
eeR een 

Moreover, if ai G S^^{G x R") and 02 G S^'^{G x R"), then for any multi-indices a and P, 

here and hereafter q* denotes a constant defined as follows: q* = for p,q > l,pq > p-'r q; q* = 
p, for p > 1, g = 00; q* = q, for g > l,p = 00; q* = 00, for p = q = 00. 

Now, we introduce the notion of SPDOs. 

Definition 2.2 A linear operator A is called a SPDO of order {£,p) if a e Sp{G x R") and for 
any u e L^{),T-V{G)), 

{Au){t, w, x) = (27r)"" / e^^-«a(t, w, x, Cj^{t, lo, ^d^, 
where u{t,u!,^) = / e^^^'^u{t,uj,x)dx. We write A G Cp{G). Moreover, if a & Sp, we set A G Cp. 

J G 

Notice that for a.e. {t,uj) G (0,T) x fi, the SPDO A in Definition 2.2 is indeed a usual pseudo- 
differential operator of order £ in the deterministic case. For simplicity of notation, we write it 
simply A when no confusion can arise in this paper. 

In the following, we will investigate the domain and range of SPDOs. Before that, we present a 
useful lemma. Write \v\a, = sup (1 + \x\Y'^'^ d^v{x) , for any v G Cq°{G). Then, we have 

\l3\<2(\cx\+e+l+n) 

the following result. 

Lemma 2.3 | ■ |a «s a generating semi-norm on D{G). 

Proof. By Lemma 1.34 in [11], the set ?7* = { u G Cq°{G); \v\a < 1} is balanced, convex, 
absorbing, and | ■ |a is the Minkowski functional of U*. Therefore, it remains to prove that U* is the 
member of a 0-neighborhood base for the inductive topology on D{G). By Lemma 2.1, it suffices 
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to show that for any compact set K C G, V* = { v E T>k; \v\a < 1} is a 0-neighborhood in Vk- 
By the definition of | • la, for any v G T>k, 



sup 

|/3|<2(|a|+<+l+n) 



(1 + 



< AT* 



sup 

xeK, 

|/3|<2(|a|+£+l+n) 



where A^* = ! + [(! + sup la;])^^"] and [£] denotes the integral part of a real number £. This implies 
xeK 

that 



vEVk 



MK,2{\a\+e+l+n) 



sup \d^v{x)\ < 



xSK, 

|/3|<2{|a|+< + l + n) 



\ C V* 



Therefore, V* is a 0-neighborhood in Vk- This finishes the proof. □ 
Based on Lemma 2.3, we get the following result. 

Theorem 2.1 Suppose that A is a SPDO determined by a symbol a. 

(1) Ifae S^{G X R"), A : L'^^{0,T;V{G)) L'({0,T;£{G)) is continuous; 

(2) IfaeS^,A: L^O,T;S) L'f{0,T;S) is continuous. 

Proof. For any u G L^(0, T; multi-index a and any compact set C G, by Definition 

2.1, we have that 



\d^[e^-<a{t,Lo,x,Ouit,u;,m 



E 



^ _^i\-i\^-ie'-<0^'a{t,u,x,0 I e-'^<u{t,u,x)dx 

<C(n,a)M„,i^(i,a;)(l + 1^1)1"!+^ / e-'''-^u{t,uj,x)dx 

J G 

<C{n,a,i)Ma,K{t,u)il + \^\)—' [ (1 + 

Jg 

= C(n,a,^)M,,x(t,a;)(l + |Cir"-' 



/ (1 - A.)l 
Jg 



\+i+^+ne-i^<u{t,UJ,x)dx 
^\+^+^+ne-i^<u{t,U,x)dx 



< Cin,a,£)Mo^,Kit,u;){l + \^\)-^-' sup (1 + \x\)'+^il - Ajl"l+^+i+"n(i, ^, ^) 



for a.e. {t,uj) G (0,T) x J7 and any {x,^) e K x R", where denotes the Laplacian operator with 
respect to x. It follows that for a.e. {t,uj) G (0,T) x Q, {Au){t,u, ■) G C°°{G). Moreover, 



sup \{d^{Au)){t,uj,x)\ < C{n,a,i)M^,K{t,co)\u{t,io, 
xeK 



Hence, 



SUp{d^iAu)){;;x] 
x€K 



L'L (O.T) 
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By Lemma 2.3, this implies the desired continuity of A. Also, notice that both the limit of a 
sequence of measurable functions and the sum of a finite number of measurable functions are 
measurable. Therefore, for any x € G, {Au){-, -jx) is {J-j }-adapted. 

(2) in Theorem 2.1 can be derived in the same way. The proof is completed. □ 

Remark 2.2 It is easy to check that if a E Sp{G x R"), then the associated SPDO A satisfies the 
following conditions: 

(1) for a.e. {t,uj) G (0,r) xQ, A: V{G) ->■ £{G) is continuous; 

(2) A : L^(0,r;X'G) ^ L%{<d,T;£{G)) is continuous. 

Remark 2.3 We can endow 5*^(0x11") and Cp{G) with suitable topological structures, respectively, 
such that any SPDO of order {i,p) has structural stability with respect to its amplitude. Indeed, 
let {Kj}j^f^ be a sequence of compact sets satisfying Kq C. Ki C • • • and |^ Kj = G. For any 

k, N, j G IN, set 



mk,N,j,e,p 



\d^d^a{;;X,0\ 

sup — ^ 



.eKjenn^ (1 + 

\a\<k,\P\<N 



, V a G S^p{G X R"). 

L^(o,r) 



Then Sp{G x R") is a Frechet space, generated by a sequence of semi-norms {| • \k,N,j,i,p\k,N,jei>i- 
On the other hand, by the proof of Theorem 2.1, we see that for any SPDO A determined by a 
symbol a, any multi-index a, j G N and u G Lj^{0,T;T>{G)) , 

|-4ti|g*j, |a|,l < C{n,a,£)\a\o^\a\,j,i,p\\u{-,-,-)\a\L'i^(^o,T)^ 

where \ ■ \q*j^\a\,i o-nd \\ ■ \o.\i,<i ^qt) ^''^ ^'^^ ^/ generating semi-norms of Lj^{0,T;£{G)) and 
Lj^{0,T;D{G)), respectively. Therefore, if we write 

\A\ajAP= sup J^"\:f^'' , yAe4{G), 

then jO-p{G) is a Frechet space, generated by a sequence of semi-norms {| • |a,j,^,p}jgisr,|a|>o- Moreover, 
\A\a,j,(,,p < C'(n, a, ^)|a|o,|a|j,^,p. This implies that the mapping Sp{G x R") — >■ £p{G), a Aa is 
continuous, where Aa denotes the SPDO determined by a symbol a of order {£,p). 

2.3 Amplitude and stochastic pseudo-differential operator 

In this subsection, we introduce a class of SPDOs, which is apparently more general than the class 
of SPDOs defined in the last subsection. However, we shall show that these two classes in fact 
coincide under some circumstances later. First of all, we give the notion of amplitudes. 

Definition 2.3 A complex-valued function a is called an amplitude of order {£,p) if a satisfies the 
following conditions: 



(1) a{t,u;,;;-) e C°°{G x G x R"), a.e. {t,u;) G (0,r) x n,- 

(2) a(-,-,x,y,0 is {Ft} t>o- adapted, ^ {x,y,^) e G x G x R"; 

(3) for any two multi-indices a and fi, and any compact set K C G x G, there exists a nonnegative 
function Ma^^^xi'i •) £ -^j-(0, T) such that 

dp^a{t,u,x,y,0\ < Mo^,f,,Kit,io){l + 

for a.e. {t,oj) G (0,r) x O and any {x,y,0 xWC We write a G ^^(G x G x R") for short. 

Based on Definition 2.3, we have more freedom to construct SPDOs. 

Definition 2.4 The linear operator A is called a SPDO of order {i,p) if a & Sp{G x G x R") and 
for anyue L^O,T;V{G)), 

iAu){t,co,x) = (27r)-" / / e'^''-y>^ait,u;,x,y,Ou{t,co,y)dydC 
Jtc Jg 

We write A e L\,{G x G). 

Remark 2.4 For a.e. (t,u}) G {0,T)x^l and any x G G, the integral in Definition 2.4 is understood 
as follows: 

{Au)it,co,x) = (27r)- lim / / xieOe'^''~''^-^<t,u;,x,y,Ou{t,u,y)dyd^, 

where x £ Gq°(R"') and x = ^ in a neighborhood of the origin. Similar to the deterministic case, 
it is easy to show that Definition 2.4 is well posed. 

Also, by the same method as that used in the proof of Theorem 2.1, we obtain the following 
result for the SPDOs determined by amplitudes. 

Theorem 2.2 If A & ^p{G x G), then the following assertions hold: 

(1) A : L%{<d,T-V{G)) Lf{0,T;£{G)) is continuous; 

(2) A : L^O,T;Vg) L%{Q,T;£{G)) is continuous. 

In the following, we extend the domain of SPDOs to a space of distributions. For this purpose, 
we first introduce the definition of transpose operators. 

Definition 2.5 Suppose that A is a SPDO of order {£,p) and a is its amplitude. Then an operator 
^A is called the transpose operator of A if for any u G Lj^{0,T;V(G)), 

CAu)it,u;,x) = (27r)-" / / e'^''-y>^ait,LO,y,x,-0uit,LO,y)dyd^. 

Jr" Jg 

Remark 2.5 It is easy to check that for any A E Cp{G x G), ^A e Cp{G x G). Therefore, Theorem 
2.2 holds for *A. 
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Denote by {Ljr{0, T: V{G)))' the dual space of the locally convex space i^jr(0, T; V{G)); and by 
(Ljr(0, T; £'(G)))' the dual space of the locally convex space Ljr(0, T; £'(G)). Let be a constant 
defined as follows: = for p,q > I, p > q; q^, = q, for q > I, p = oo; = oo, for p = q. Next, 
we present the following result on an extension of the domain of SPDOs. 

Theorem 2.3 Suppose that A e C^G x G). Then A : {L^O,T;S{G))y (L^i (0, T; X>(G)))' is 
continuous. 

Proof. For any u G {L^O, T; ^(G)))' and v G L^,* (0, T; V{G)), define 

(^^i)'i^)(L^*(0,T;D(G)))',L^*(0,T;D(G)) = ^^)(L^(0,r;f (G)))',L^(0,r;f (G))- (2-3) 

Since i( G (Lj-(0,T;£^(G)))', there exists a semi-norm Hqjoifcoii (io, A;o G IN) defined on L^(0, T; f (G)) 
such that 

l('"M^)(L^{0,T;5{G)))',L^{0,T;5{G))l < C{u) \* Av\qjf,^ko,l- 

By the above result and Remark 2.5, we can find a semi-norm | • |q»,ao defined on L^(0, T;P(G)) 
for a multi-index ao, such that 

l(^*/^^)(L^(0,T;£:(G)))',L^(0,T;f(G))l < (^(u, a) |v|q.,Qo, 

which implies that Au G (L^ (0, T; P(G)))'. Moreover, the continuity of A is clear from (2.3). The 
proof of Theorem 2.3 is completed. □ 

Remark 2.6 It is regrettable that we fail to give a characterization of {Ljr{0,T; £{G))y clearly. 
Here we only present two classes of function spaces, which are contained in {Ljr{0,T; £{G))y . 
Let £'{G) and T>'{G) denote the dual spaces of £{G) and T>{G), respectively. Then we see that 
£'{G) C {L^O,T;£{G)yy. Indeed, for any u G £'{G) and v G L^{),T-£{G)), define 

('">'f^)(L^(0,T;£(G)))',L^(0,T;£:(G)) = {u{-),v{t,U, ■)) £, (^G),S(G)dt- 

Then there exist two nonnegative integers ji and ki , such that 

l(^^>^)(L^(0,T;£(G)))',L^(0,T;£(G))l < E / G(m) W, •) Iji ,fei,l(ii 

J 

< G(u,r,g) ||f(-,-,-)lji,fci,ilL^(o,r) = 

This implies that u G (L;^(0, T; £'(G)))'. 

On the other hand, we define a constant q' as follows: q' = for q > 1; q' = \ for g = oo; 
q' = oo for q = 1. Then, for any given compact set K, it is also easy to prove that 

{ u G L3^(0,r;L^(G)) I supptx(i,a;,-) C for a.e. {t,Lo) G (0,T) x C (L«.(0, T; ^(G)))'. 
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Remark 2.7 For any A G Cp{G x G), it is easy to show that for a.e. {t,uj) G (0, T) x Q, A : 
£'(G) — )■ is continuous. Moreover, if we let 

'Ds{G) = {u I for a.e. {t,uj) € (0, T) x Q, u{t,uj,-) € T^{G); and for any x gG, 

u{-,-,x) is {J't}t>o-O'dapted} ; 
£s{G) = {u I for a.e. {t,Lo) G (0,T) x fl, u{t,uj,-) G £{G); and for any x G G, 

u{-,-,x) is {J-'t}t>o-0'dapted} ; 
V'g{G) = {u \ for a.e. (i, w) G (0, T) x fi, u{t,uj, ■) € V'{G); and for any v eVs{G), 

{ui-,-,-),v{-,-,-))v{G),V'{G) is {J^t}t>o-adaptedy, 
£'^{G) = {u I for a.e. {t,oj) G (0,r) x n, u{t,uj, ■) G £'{G); and for any v G Ss{G), 
•, ■),v{-, ■))£{G),£'{G) is {Tt}t>o-adaptedj , 

then for any u G EgiG), Au G V'g{G). 

2.4 Kernel and pseudo-local property 

In this subsection, we introduce the definition of kernels, and then prove the pseudo-local property 
of SPDOs (see Theorem 2.4). First of all, we give the notion of kernels. 

Definition 2.6 Suppose that a G S^{G x G x R") and A is the associated SPDO. Then Ka G 
'Dg{G X G) is called a kernel of A if for a.e. {t,uj) G (0, T) x Vt, 

{KAit, w, •, •)> v)'p,(^GxG),v(GxG) = (Stt)"" j^^j^j^ e'^''-y^-^a{t, u, x, y, ^)v{x, y)dxdydi, 
for any v G C^{G x G). 

Notice that for a.e. (t, w) G (0, T) x Q., the kernel in Definition 2.6 is indeed the one in the 
deterministic case. Therefore, the following assertions hold: 

Proposition 2.2 Suppose that A is a SPDO and a is its amplitude. Then, 

(1) if a e S^p{G xGx R"), Ka is C°° off the diagonal in G x G for a.e. {t,uj) G (0,r) x O. 
Moreover, for any {x,y) E G x G with x y, Ka{-, •, x, y) is {J-'t}t>o-o,dapted, and for any compact 
setK C{GxG)\{x = y}, sup [K^O, •, x, y)| G L^(0, T); 

(2) if a G S'p°°(GxGxR"), Ka G C°°{GxG) for a.e. G {0,T)xn. Moreover, for any {x , y) G 
GxG, KA{-,-iXjy) is {J^t}t>o- adapted, and for any compact set K C. G x G , sup \KAi-, x,y)\ & 

L^(0,T). 

Sketch of the proof. First, for any a G Sp{G x G x R"), it is easy to show that for a.e. 
(t, uj) G (0, T) xQ. and any {x,y) E G x G with x j^y, the integral / e'^^~^^'^a(t, cu, x, y, ^)d^ can 

12 



be understood in the following two senses equivalently: 

/ e'^--y>iait, u,x,y, = lim / x(eOe'^""^^'^«(i, ^, ^, V, 
= / e'(-2/)-€(-l)^|x-y|-2'=A|a(t,a;,x,y,CK, 

where x ^ x = 1 in a neighborhood of the origin and A; G N with £ — 2k < —n. 

Also, by the meaning of the above integral, for a.e. {t,aj) £ (0,T) x and any compact set 
K C{GxG)\{x = y}, we have that / e'^''-y'^-^a{t,Lo,x,y,^)d^ G C^{K). 

Moreover, by the Lebesgue dominated convergence theorem, it is easy to check that KA_{t, ui, x, y) 

= (27r)-" / e'^'^-y^'^ait, to, x, y, ^)d^, for a.e. {t, to) G (0, T)xn and any {x,y) eGxG with xj^y. 
Jr" 

Therefore, KA{t,uj, •, ■) G C°°((G x G)\{x = y}) for a.e. G (0,r) x n. 

Furthermore, by the properties of measurable functions, we see that KA{-,-,x,y) is {J-'t}t>o- 
adapted, and by the definition of amplitudes, sup \Ka{-, •, a;, y)| G Lj^{0, T) for any compact set 

K<Z{GxG)\{x = y}. 

Similar to the above procedure, we can also get the desired result (2), if a G Sp°°{G xGx R"). 

□ 

Remark 2.8 For a SPDO A, we call A a smoothing operator of order p if Ka satisfies the following 

conditions: 

(1) for a.e. {t,io) G (0,r) x Q, KA{t,io,;-) G C°°{G x G); 

(2) for any {x,y) eG x G, Ka{-; ■,x,y) is {Ft} t>Q- adapted; 

(3) for any compact set K C. G x G, sup \Ka{-, ■,x,y)\ G Lj^{0,T). 

{x,y)eK 

It is easy to check that if a function K satisfies the above conditions (l)-(3), then an operator 

A defined as follows: {Au){t,uj,x) = / K(t,uj,x,y)u(t,LO,y)dy is a SPDO and its amplitude a G 

_ Jg 
Sp°°{G X G X R"). Combining Proposition 2.2 with the above fact, we obtain that a G Sp°°{G x 

G X R") if and only if A is a smoothing operator of order p. 

Next, we recall the notion of singular supports. For a distribution u, the singular support of u 
is the complement of the open set on which u is smooth and we write it sing supp u. 
In the following, we present the pseudo-local property for SPDOs. 

Theorem 2.4 Suppose that A is a SPDO. Then for a.e. {t,uj) G (0,T) x Q and any u G £s{G), 

sing supp {Au){t,LO, •) C sing supp u{t,u, •). 

The proof of Theorem 2.4 follows by the similar method as that used in the deterministic case. 
Therefore, we omit it here. 
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2.5 Uniformly properly supported stochastic pseudo-differential operator 

In order to present the composition of two SPDOs, in this subsection, we introduce uniformly 
properly supported SPDOs with respect to {t,uj). First of all, we recall the notion of proper sets. 
A set C G X G is called a proper set if E has compact intersection with K x G and with G x K, 
for any compact set K C G. Also, we give some relevant definitions. 

Definition 2.7 A function K &T>'g{G xG) is said to he uniformly properly supported with respect 
to {t,oj) if there exists a proper set E such that suppii'(f,a;, ■,■) C E for a.e. {t,uj) G (0, T) x 

Definition 2.8 We call A a uniformly properly supported SPDO with respect to {t,ui) if A is a 
SPDO and its kernel Ka is uniformly properly supported with respect to (t,u}). 

Definition 2.9 Suppose that a € Sp{G x G x R"). a is said to have uniformly proper support with 
respect to {t,u,^) if there exists a proper set E C. G x G such that snppa{t,LO, •, •,^) C. E for a.e. 
{t,uj) G (0,T) X Q and any ^ G WC. 

Next, we give a characterization of amplitudes for uniformly properly supported SPDOs with 
respect to {t,uj). 

Proposition 2.3 For a SPDO A, if its amplitude a has uniformly proper support with respect to 
{t,LO,^), then A is a uniformly properly supported SPDO with respect to {t,uj); Conversely, if A is 
a uniformly properly supported SPDO with respect to {t,uj), then its amplitude a can be replaced by 
another one, which has uniformly proper support with respect to {t,uj,^). 

Sketch of the proof. First, it is easy to show the fact: if is a proper set, then there exists a 
function ijj G C°°{G x G) such that ^ = 1 in a neighborhood of E and supp'^ is proper. 

Next, if ^4 G jCp{G x G) is a uniformly properly supported SPDO with respect to {t,uj), by the 
above fact, there exist a function ipi G C°°{G x G) and a proper set £^i, such that Vi = 1 in a 
neighborhood of suppV'i is proper and su.Y>p K Ait, u)^ ■, •) C Ei for a.e. {t,u) G (0,r) x fi. This 
implies that for any u,v & Cq°{G), 

{{Au){t,U,-),v)Ty,f^G),V{G) = {KA{t,U),-,-),Uv)Ty,(^Gy.G),V{GxG) 

= {'>plKA{t,UJ,-,-),Uv)T:)i{GxG),V{GxG) + ((1 - '4^l)KA{t,0J , ■ , ■),uv)x>> {GxG),V{G>iG) 
= (27r)-"/ / / e'^^-yy^a{t,u;,x,y,OMx,y)<y)v{x)dxdydt 

JR" JR" JR" 

Set a*{t,oj,x,y,£,) = a{t,u,x,y,$,)ijji{x,y) and denote by A^ its associated SPDO. Then a* G 
S'^(GxGxR") and A = A^. Moreover, sincesuppa*(t,C(;, •, ■,^) C suppV'i for a.e. {t,oj) G (0,T)xJ7 
and any ^ G R", the amplitude a* has uniformly proper support with respect to {t,uj,^). 

On the other hand, if a has uniformly proper support with respect to {t, oj, $,), then there exists 
a proper set E2, such that suppa(t, w, -, ■,$,) C E2 for a.e. {t,uj) G (0,T) x CI and any ^ G R". This 
leads to that for any (p G C^{E2^), 

{KA{t, u), -, ■),^)v'(GxG)MG^G) = (27r)"" / / / e'^^'-y^^ait, u, x, y, y)dxdyd^ = 0. 

JR" JR" Jr" 
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Therefore, suppifyi(t, w, ■, ■) C E2 for a.e. (t, w) G (0,T) x which imphes that A is a uniformly 
properly supported SPDO with respect to (t,a;). □ 

Based on Proposition 2.3, we get that a uniformly properly supported SPDO with respect to 
{t, cj) actually has better properties than the usual operators. 

Theorem 2.5 Suppose that A is a uniformly properly supported SPDO of order {£,p) with respect 
to {t,uj). Then 

(1) A : L%{<d,T;VG) L'({0,T;Vg) is continuous; 

(2) the domain of A can be extended to be L^O,T;S{G)). Moreover, A : L^O,T;S{G)) 
Lj^{0,T;S{G)) is continuous. 

Proof. Denote by a the amplitude of A. Since A is a uniformly properly supported SPDO 
with respect to {t,uj), by Proposition 2.3, without loss of generality, we suppose that there is a 
proper set E^, such that for a.e. {t,oj) G (0, T) x O and any ^ G R", suppa{t,oj, -, ■,$,) C £'3. Also, 
for any u € Ljr(0, T; 2?^), there exists a compact set such that suppii(t,a;, •) C for a.e. 
{t,uj) G (0,T) X n. Write = { x e G \ there exists a y G K° such that (x,y) G E3}. Then 
is a compact set, and if x does not belong to K^, 

{Au){t, oj,x) = (27r)-" / / e'^^-y>^a{t,cj,x,y,Ou{t,oj,y)dyd^ = 0. 

JR" Jg 

This means that supp Au{t,iu,-) C for a.e. {t,u) G (0,T) x fl. By Theorem 2.2, Au G 
L^*(0,T;f (G)). Therefore, Au € L|;(0,r;PG)- 

Moreover, if lim Uj = in L'jr{0,T;T>G), then by Proposition 2.1, there exists a compact 

set K'^ C G, such that |J supp Uj{t,u;,-) Q K"^, for a.e. {t,u;) G (0,T) x n. Write iiT^ = {x G 

G I there exists a y G K'^, such that {x, y) G £'3}. Then is a compact set and supp {Auj){t, oj, ■) C 
K^, for a.e. {t,oj) G (0,T) x n and any j G N. Since lim Au,- = in L'^*{0,T;S{G)), then by 

* 

Proposition 2.1 again, lim Auj = in L%{0,T;'Dg)- 

i-s-oo 

On the other hand, for any open set J7 C G with U being compact, we write = {y G 
G I there exists an x E U, such that {x,y) G E3}, and then is a compact set. Choose a 
function ijj2, such that ip2 S Cq°{G) and ■02 = 1 in We extend the domain of a uniformly 
properly supported SPDO with respect to {t,uj) as follows: {Au){t,oj,x) = {A{ijj2u)){t,oj,x), for 
any u G L'jr{0,T;£{G)), a.e. G (0, T) x $1 and any x G f/. It is easy to check that the above 

definition of A is well posed, namely, the definition of A is independent of ip2 and U. 

Furthermore, for any compact set K, there exists an open set Ui Q G such that K Q Ui 
and Ui is compact. Write = {y G G | there exists an x G Ui such that {x,y) G £3}, take a 
function ip^ such that G Cq°{G) and ^/^3 = 1 in iiT^, and then set = supp -^3. Then for any 
u G L'jr{0,T; £{G)) and multi-index a, 

\{d^{Au)){t,u;,x)\ 

(27r)-" / / d^[e'^--y>^a{t,uj,x,y,Ou{t,u;,y)^s{y)]dydC 
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(27r) 



(27r) 



R" JG 



E 



E 



a! 



01+02=0; 



■d^^a{t, u, X, y, ^)u{t, u, y)il;3 {y)dyd^\ 



(2vr)-" / E 



^il"i|(l + |^|2)-N-^-n- 



q;i!q;2! 



ai+Q:2=ci; 

[d'^''a{t, u, X, y, Ou{t, uj, y)tp3 {y)]dyd^\ 



-l^ai / g^i{x-y)< (^l _ -jlol+^+n+l 
J G 



<C{n,£,a,K)Mn,i,a,K{t,i^) sup \d^u{t,uj,y)\, 

\l3\<2{\a\+l+n + l) 

for a function Mn/^a,K{-^ ■) £ -^^5^(0,^), a.e. {t,u) G (0, T) x $7 and any x G iiT. It follows that 



sup|(5^(yl«))(-,-,x)| 



(0,T) 



< C(n, a, K)\Mn/,a,K{-^ ^^^.(o.T) 



sup 

|/3|<2(|a|+f+n+l) 



L^(0,T) 



This implies that A : L^(0, T; ^(G)) ^- L5r*(0, T; £"(G)) is continuous. The proof is completed. 



By Theorem 2.5, for a.e. (t,t<;) G (0, T) x $7, a finite number of uniformly properly supported 
SPDOs with respect to {t,u]) can be composed. Moreover, for £1,^2 € R, suppose that A G C^^{G) 
and B G /^^^(G'). if > + q{p + g), then 5 o A : L%{Q,T:Va) ^ L|.(0,r;DG) and S o : 
Ljr(0, T; £'(G)) — >■ Ljr{0,T; £{G)) arc continuous, where g = pgjjq(^p^q^ ■ Iii addition, since a kernel 
is smooth off the diagonal in G x G, we may write a SPDO as the sum of a uniformly properly 
supported operator and a smoothing operator. 

Theorem 2.6 If A is a SPDO of order {£,p), then A = A^ + A^ , where A^ is a uniformly properly 
supported SPDO with respect to {t,Lo) and A^ is a smoothing operator. 

Sketch of the proof. Suppose that a is the amplitude of A. Choose a function ■04 G C°°{G x G) 
such that V'4 = 1 in a neighborhood of the set {{x,y) ^GxG\x = y} and supp^4 is proper. If 
we write a^{t,uj,x,y,$,) = a{t,uj,x,y,^)'tp4{x,y), then for a.e. {t,uj) G (0,T) x f2 and any ^ G R", 
suppa'^(t,a;, •, •,^) C suppV-"!- It follows that the SPDO A^ determined by is a uniformly 
properly supported SPDO with respect to {t,uj). On the other hand, let Ka be the kernel of A, 
then (1 — ip4)KA G iSs(G x G). If we denote by A^ the operator, whose kernel is (1 — ip4^)KA, then its 
amplitude turns out to be (1 — ■i/'4)a- It is easy to check that (1 — ipi)KA satisfies the conditions 
(l)-(3) mentioned in Remark 2.8. Therefore, G S~°°{G x G), A^ is a smoothing operator and 
A = A° + A\ □ 
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For a uniformly properly supported SPDO with respect to (t, oj) determined by an amplitude, 
one can reduce it to the form represented by a symbol. 

Theorem 2.7 Suppose that A is a uniformly properly supported SPDO with respect to {t,uj). Then 
for any ue L^O,T;V{G)), 

{Au){t,oj,x) = (27r)-" / e'''<aAit,io,x,Ou{t,io,Od^, 

where aA{t,u;,x,^) = e~^^'^{Ae^^'^){t,u;,x). 

The proof of Theorem 2.7 is similar to that in the deterministic case. Here we omit it. 

For any SPDO A, by Theorem 2.6, A can be rewritten as a sum of a uniformly properly 
supported SPDO A^ with respect to and a smoothing operator A^. On the other hand, by 

Theorem 2.7, A^ can be represented by a symbol a^o. We call a^o a principal symbol of A and 
denote it by aA simply. 

In the remainder of this subsection, we give an equivalent characterization of SPDOs and omit 
the proof, since it is similar to that in the deterministic case. 

Corollary 2.1 (1) A G ^(G x G) if and only if for a.e. {t,u) G (0,r) xn,A: C^{G) C~(G) 
is a continuous linear operator, and for any (p G Cq°{G), e~^^'^A{(pe''^'^) G Sp{G x R"); 
(2) A G JO-p{G X G) is uniformly properly supported with respect to {t,uj) if and only if for a.e. 
{t,uj) G (0, r) X Q, A : C°°{G) C°°{G) is a continuous linear operator, its distribution kernel 
Ka is uniformly properly supported with respect to {t,uj), and e~'^'^^(e'^'^) G Sp{G x IR"). 

2.6 Asymptotic expansions of a symbol 

In this subsection, we give the notion of asymptotic expansions of a symbol and present some usual 
results on asymptotic expansions. First, we have the following definition. 

Definition 2.10 Suppose that {ij}jeh! is a monotone decreasing sequence satisfying £j — > — oo 

e- °° 

{j oo) and aj G Sp^ {G x IR"). Then J2 called asymptotic expansions of a symbol a G 

3=0 

S^p°{G X R") if 

k-l 

a - ^ G S^p" (G X R"), V A: G N, (2.4) 

3=0 

oo 

and we write a ~ ■ 

3=0 

Next, we give a useful lemma. 

Lemma 2.4 Suppose that {ij}jet^ is a monotone decreasing sequence satisfying £j — > — oo {j — > oo) 
and Qj G Bp {G x R"). Then there exists a symbol a G S^{G x R") such that a ^ J2 O'j- 

3=0 
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Proof. Pick a sequence of compact sets {Kj}j^t^ such that Kq C Ki C ■ ■ ■ and Kj = G, and 

choose a function ^5 G C~(R") satisfying V-slO = for |^| < ^ and ip^i^) = 1 fox \C\ > 1. We 
construct a function a of the form 



j=0 



(2.5) 



where ej are small constants, which will be specified later. It is easy to verify that a G £s{G x R"). 
On the other hand, since for any A: € N, 

k—l k—l oo 

a{t,uj,x,0 -'^aj{t,uj,x,0 = "^bf^bi^jO - '^]aj{t,u,x,^) + '^i/j5{£j^)aj{t,uj,x,^), (2.6) 



j=0 



j=0 



j=k 



k-l 



and ^ [i^bi^jO ~ G S~^{G x R"), it remains to prove that ^ ip^{ej(,)aj{t,u, x,^) G 

i=o j=fc 
S^{G X R"). Indeed, for any compact set K C G, there exists an G IN such that K C Kj*. For 

any two multi-indices a and P, write fc* = max{A;, \a\ + \P\ + i*}. Then 



jr'=fc i=fc j=k* + l 

For a.e. (t,a;) G (0,T) x Q and any (x,^ G K x R'', 



< C{a,P,k,K)M'^^p^j,{t,u)il + |e|)^'=-l"l, (2.7) 



for a function M^^^^(-, ■) G L^(0,r). Also, for any j > k* + 1, 



[V'5(^,-o«.-(^,^,^,0] < E 



d^'MejOd^'d^ajit,u;,x,0 



2,. 1 



<C(i,a)M/(t,a;) 1 + 



2£,- 



for a function M?(-, ■) G Lj-(0,r). We choose £j {j > A;* + 1) sufficiently small such that 



'^3 ^3 — 1 



^ + 2^ 



< 



2-j 



C(i,a)|M2(.,.)|i.(o,T) + l' 



Then, 



N 



^3 *-J — 1 



^ C(j,a)M2(.,.)(l + — 



is a Cauchy sequence in -Z^j-(0, T). Therefore, we can find a nonneg ative function M2(-, •) g L5r(0, T) 



such that 



f; C(j,a)M,(t,a;)(l + -L 



M^{t,co) for a.e. (t,a;) G (0,T) x n. 
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This implies that 



J2 '^5{£jOaj{t,^,x,0 
j=k*+i 



<M\t,io){l + \^\) 



4-|a| 



(2.8) 



Hence, by (2.6)-(2.8), a ~ E aj. Since a - uq e Si'-{G x R") and oq G S'*o(G x R"), we get that 
a G X R"). □ 

oo 

Lemma 2.4 leads to the following theorem, which shows that the asymptotic relation a ~ o-j 

j=0 

is valid if an apparently weaker condition than (2.4) is assumed to hold. 

Theorem 2.8 Suppose that {^jjjeN is a monotone decreasing sequence satisfying £j — > — oo {j 
oo) and aj G Sp' {G x R"). If a E £s{G x R") satisfies the following conditions: 

(1) for any compact set K ^ G, and multi-indices a and j3, there exist a function Ma^fs^xi') G 
Ljr(0, T) and a constant p = p{a, (3, K) G R such that 



d^d^a{t,u,x,0 < M,,^,x(i,a;)(l + |e|)^ 



(2.9) 



for a.e. {t,uj) G (0,r) x J7 and any {x,() e K x R"; 

(2) there exist a sequence of real numbers {pjjjgN satisfying pj — oo (j oo) and a sequence of 
functions {dj{-, OljeN ^ L^{0, T), such that for any j G N, 



i{t,u,x,i) ~ ^ ak{t,u,x,C) 



k=0 



<dj{t,u;)il + \C\r^, 



(2.10) 



for a.e. {t,Lo) G (0,r) x n and any (x,^) G x R", then a G Si°{G x R") and a E aj. 

3=0 

Based on Theorem 2.8, we can get some results on asymptotic expansions. The first one is the 
following asymptotic expansions of a principal symbol. 

Proposition 2.4 Suppose that A is a SPDO and a is its amplitude. Then its principal symbol oa 
satisfies that 

1 



aAit,uj,x,^) J2 -^^^-j^d^d^a{t,i^,x,y,^)\y=x- 



\a\>0 



The next result is the asymptotic expansions for a principal symbol of transpose operators. 

Proposition 2.5 Suppose that A is a SPDO. Then a principal symbol at a of its transpose operator 
has the following asymptotic expansions: 

oo -j^ 

atA{t,u;,x,^) J2 -r|^^F^xf^A(i,c^,x,-0- 

|a|=0 
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Finally, for two uniformly properly supported SPDOs with respect to (t,oj), we present the 
asymptotic expansions for a principal symbol of their composition operator. 

Proposition 2.6 Let £±,£2 G R. Suppose that A G C^^{G x G) and B G C^q^{G x G) are uniformly 
properly supported SPDOs with respect to {t,uj). Then the composition operator B o A is a SPDO 
of order {ii + £2, Q*)- Moveover, its principal symbol gboA has the following asymptotic expansions: 

00 

(TBoAit,u,x,C) ^ V —-T--rd?aB{t,u:,x,C)-d'^GA{t,u:,x,C)- 

|q|=0 

The proofs of Theorem 2.8 and Propositions 2.4-2.6 are similar to those for the usual pseudo- 
differential operators in the deterministic case. Here we omit them. 



2.7 Algebra and generalized module of stochcistic pseudo-differential operators 



In this subsection, we establish an algebra and generalized module of SPDOs. For this purpose, 
first of all, we give the following result on the composition of two uniformly properly supported 
SPDOs with respect to {t,uj). 

Theorem 2.9 Suppose that A and B are uniformly properly supported SPDOs with respect to 
{t,Lo). Then B o A is a uniformly properly supported SPDO with respect to {t,Lo). 

Proof. Denote by a and b the amplitudes of A and B, respectively. Then for any u G Vs{G), 



{{B oA)u){t,LO,x) = (27r)-'* 



(27r)-2« / / e^(^-y>ib{t,u,x,y,0 

^R" ^R" 



^b{t, u, X, y, ^){Au){t, Lo, y)dyd£, 



i i Q<y ^y'^a{t,LO,y,z,<i)u{t,L0,z)dzd<i 



dydi 



(27r)-2«/ / e^(--)-«[/ / e'^'-y'^^^-'^Ht,u:,x,y,i)a{t,u,y,z,<.)dydc. 

JR" JR" LjR" JR" 



u{t, LO, z)dzd^. 



Set 



c{t,uj,x,z,^) = (27r) 



R" Jn" 



b{t, CO, X, y, ^)a{t, u, y, z, <,)dyd(. 



= (27r)-" / / e'^'-yH{t, u, X, y, Oa{t, lo, y,z,^- r^)dydr^. 
Jr" Jr" 

Since A and B are two uniformly properly supported SPDOs with respect to {t,uj), there exist 
two proper sets Gi and G2, such that supp a{t,LO, ■, -j^) C Gi and supp b{t,LO, ■, ■,^) C G2 for a.e. 
{t,u) G (0, T)xn and any ^ G R". If we write 

G* = {{x, z) e G X G \ there exists ay e G, such that (x, y) G G2, {y, z) G Gi}, 

then it is easy to see that G* is proper and supp c{t,u>, ■, ■,$,) C G* for a.e. {t,io) G (0,T) x and 
any ( G R**. This finishes the proof. □ 
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In the following, we establish an algebra and generalized module of SPDOs. Notice that a 
generalized module means a usual module, which does not satisfy the associative law. For any 
given p G [1, oo], [J dp{G x G) is a linear space. Also, for any A, B & \^ ^p{G x G), denote by a 

and h their amplitudes respectively and define an equivalent relation ~: 

A^ B ^a-h& S-°°{G xGxR")^A-5g f| ^(G x G). 

In every equivalent class [•], there exists a uniformly properly supported SPDO with respect to 
{t,oj). Therefore, for any two equivalent classes A and B, take A & A and B e B such that A and 
B are two uniformly properly supported SPDOs with respect to {t,uj). We define the composition 
of A and B as follows: 

BoA=[BoA]. 

It is easy to check that the definition is well posed. Moreover, [J jC^(G x G) constructs an algebra 

^eR 

in the above sense, and [J ^p{G x G) {p > 1) is a generalized module over [J ^ioiG x G). 

teR ^gR 

Remark 2.9 For any A, B e [J Cf^{G x G), define [A.,B] = Ao B — B o A. Then we conjecture 

^gr 

that [•, •] is a Poisson bracket defined on >C^(G x G). However, we do not give a precise proof 

^gR 

at this moment. 



3 Boundedness of stochastic pseudo-differential operators 

Many papers have been devoted to a study of the continuity of pseudo-differential operators in 

U' spaces. In this section, we shall establish the L^-cstimates of SPDOs. The main idea borrows 
from that used in [7] and [8]. However, different from the deterministic case, results here involve 
integrability with respect to the variables of time and sample point, and we have to deal with the 
problem, generated by global estimates. For simplicity of notation, for any bounded linear operator 
L, we denote by |L| its operator norm. 

3.1 L^-boundedness 

In this subsection, we first present the L^-estimates for SPDOs. To begin with, we prove the 
following basic estimate. 

Lemma 3.1 Suppose that K is a function defined on {0,T) x O x R'* x IR" such that 

sup / \K{t,LO,x,y)\dx < M{t,uj), sup / \K{t,u},x,y)\dy < M{t,uj), (3.1) 
j/GR" ^R" xGR" ^R" 

for a nonnegative function M(-, •) defined on (0,r) x Q. Then, for the linear operator L defined as 
follows: {Lu){t,ui,x) = / K{t,ui,x,y)u{t,uj,y)dy, the following conclusions hold: 
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(1) for a.e. {t,uj) G (0,T) xU, L: LP{IC) LP(R") is bounded and \L\ < M{t,uj); 

(2) if M{;-) e Lf{0,T), then L : L^(},T; LP{W)) L^Q^T; LP{W)) is bounded and \L\ < 

\m\l^(o,t); 

(3) if M{-,-) G L3.(0,T) {qe [l,oo)), then L : L^{),T-U'{BJ^)) L%{0,T; LP{W)) is bounded 
and \L\ < \M\ 



'i^(o,r) 



, where q = for q, q > qq > q + q; and q = q for q > 1, q = oo. 



Proof. For any p > 1, a.e. {t,oj) G (0, T) x Q, and any u G L^'(]R"), by Holder's inequality, we 
have that 

p 

\{Lu){t,u;,x)\P < [ \K{t,uj,x,y)\\uiy)\Pdy( [ \K{t,uj,x,y)\dyY 

<M7{t,u)j \K{t,u,x,y)\\u{y)\Pdy, 
7r" 

here and hereafter p' denotes a constant satisfying ^ + ^ = 1- Integrating on R" with respect to 
the variable x, by (3.1), we get that 

/ \{Lu){t,oj,x)\Pdx<M^^7{t,uj)j \u{y)\Pdy. (3.2) 

^R" Jr" 

This means that for a.e. {t,oj) G (0,r) x L is a bounded operator from L*'(R") to L*'(El") 
and \L\ < M{t,uj). If M e L^(0,r), then by (3.2), for any u G L^O,T; LP{W)) and a.e. 

(t,u) G (o,r) X n, 



|(L7/)(t,w,-)|LP(R") < |Af|L-(o,r)h(^,wr)|LP(R")- 



It follows that 



E / \{Lu){t,u;,-)\%^^„^dt < |M|^oo(o,T)IE / \u{t,uj, ■)\lpm")dt, for q > 1; 

Jo ^ J 

|-^'"Il^(0,T;Lp(R")) < (o^t)\u\l^ (0,T;LP(R"))7 Q = OO, 

which implies that L : L^(0, T; LP(1R")) -> L^(0, T; LP(]R")) is bounded and \L\ < \M\l^(^o,t)- 
Furthermore, if M G L^O,T) {q> 1), by (3.2), for any u G L^(0, T; LP(R")), we obtain that 



|(Lu)(t,w,-)lip(RU) < M«(t,a;)|u(t,a;,-)lip(Rr. 



Hence, 



E/ |(Lu)(t,a;,-)lip(Rn)di < 





2^ 




E r Mi{t,uj)dt 




E / 


Jo 




Jo 



\u{t,oj,-)\lp^^n-^dt 



for q > 1; 



E 



|(LM)(i,w,-)ll,p(R«)(ii < E / M^(i,a;)dt-| 

^Il°°(o t-lp(r"))' fo^ ^ — 



This implies that L : L^O,T; LP{W)) ^^.(O, T; LP(R")) is bounded and \L\ < \M\ 
Results for the cases of p = 1 and p = oo can be derived in the same way. 

Next, we give the notion of adjoint operators. 
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LUO,T) 



Definition 3.1 Suppose that A is a SPDO of order {i,p) and a is its amplitude. A linear operator 
A* is called the adjoint operator of A if for any u G Lj-(0, T; 



{A*u)(t,uj,x) = {2-kY 



g-v- «Ha{t, u!, y, X, ^)u{t, oj, y)dyd(, 



where 'z denotes the conjugate of a complex number z. 

Remark 3.1 It is easy to show that for any SPDO A G Cp{G x G), A* G Cp{G x G). Moreover, for 
a.e. {t,uj) £ {0,T)xn and anyu, veG^{G), {{A*u){t,u,-),v{-))L2(G) = H■),i^v){t,u,■))L^G)■ 
Remar]^. 3.2 Similar to Proposition 2.5, for any SPDO A, it is easy to show that a principal 
symbol of its adjoint operator A* has the following asymptotic expansions: 

1 



o-A*(i,w,x,^) ~ —-^^d1d'^aA{t,u,x,0- 
|a|=o"-* 

Now, we give the L^-estimates for a class of the SPDOs of order (0, oo). 

Theorem 3.1 Suppose that A is a SPDO and a is its symbol. IfaeS^,A: L^O,T; L^{W)) 
L^O,T;L'^{W)) is bounded. 

Proof. Step 1. First, we prove that A : L^(0, T; L2(]R")) ^ L'^^{0,T;L'^{B!')) is bounded, if 
a G Sp^~^. By the definition of a kernel Ka, we have that 



\KAit,co,x,y)\ = (27r) 



/ e'^''-y>^a{t,co,x,Od^ <i27rr^ [ \a{t,u,x,0\d^ 



< G(n)Moit,io) / (1 + |e|)-i-"dC < Gin)Moit,uj), 
Jr" 

where Mq{-, ■) G Lj-(0,r) is a nonnegative function. On the other hand, for any multi-index a, 



(3.3) 



\ix-yrKAit,u;,x,y)\ = (2^)-^ 



I dfe'^''-y^<a{t,uj,x,Odi 



(27r)- 



f e'^''-yy^d?a{t,oj,x,i)di 

JR" 



(3.4) 



< C7(n)M«(i,a;) / (1 + d^ < G{n)Mo,{t,u), 

Jr" 



where Ma(-, •) G Lj-(0, T) is a nonnegative function. Then, by (3.3) and (3.4), it follows that for a 
nonnegative function Mi(-, •) G Ljr(0,T), 



\KA{t,u,x,y)\ < 



C{n)Mi{t,cj) 



(1 + |x-y|)i+"' 
which implies that 

sup / \KA{t,LU,x,y)\dx < G{n)Mi(t,uj), sup / \KA{t,LU,x,y)\ dy < G{n)Mi(t, 
«6R" Jr" leR" Jr" 



CO . 



yeR" 

By (2)-(3) in Lemma 3.1, we get the desired result. 
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— ft — ± 

step 2. Suppose that a e Si, {£ < 0). By Remark 3.1, for any SPDO A G £00^ ,A*oAe C 
Then, by the proof in Step 1 and (3.2), for a.e. (i,a;) G (0,r) x Q, 

|(AM)(i,w,-)li2(Rn) = {{Au){t,u},-),{^'^){t,^r))mR") 

= {{{A* O A)u){t,UJ,-),u{t,UJ,-))L2(^n) < M|(t,w)|ix(t,W,-)|i2(Rn), 

for a nonnegative function M2(-, •) G L^(0,T). Therefore, 



-n-1 

00 



\{^u){■,■,■)\L^n") 



LUO,T) 



< |^2(-,-)|l-^(0,T) h(-,T)ll,2(R") 



LUO,T) 



This imphes that for any A; G N, ^ : L%{0,T; L'^{IC)) ^^.(O, T; L2(R")) is bounded, if a G 

— n— 1 — n— 1 

^oo^* . For any £ < 0, we take a positive integer k2, such that £ < Since C S'tx? ^ , we 

get the desired result of Theorem 3.1. 

Step 3. If a G S^, there exists a constant Co > such that \a{t,oj,x,$,)\ < Co for a.e. {t,uj) G 
(0, T) X n and any e R^". Take Ci > 2C^ + 1 and define b{t,u;,x,^) = (Ci - |a(t, C)p)V2. 
Then 6 G S"^ and bb + aa = Ci. If we denote by i? the SPDO determined by b, then (Jb*oB + 
CA*oA — Ci G S^. Hence, we can find a SPDO R G >C^^ such that for a.e. {t,uj) G (0, T) x fi, 

|(Au)(i,a;,-)li2(Rn) + |(Bu)(i,a;,-)li2(Rn) = Ci|'u(t,a;, •)li2(Rn) + ((i?u)(i,a;, •))l2(R")- 

Combining the above equahty with the proof in Step 2, we see that 

|(Au)(i,a;,-)li2(Rn) < C(Ci,i?)|u(t,a;,-)li2(Rn). 

This imphes that 

I(^^^)(t>-)Il2(r") 

Therefore, the proof is completed. □ 

In the following, we give two corollaries. The first one generalizes the result of Theorem 3.1 to 
the space L%{Q,T-H^{W)) for 5 G R. 

Corollary 3.1 Suppose that A is a SPDO and a is its symbol. If a e S^, then for any (5 G R, 
A : L^O,T; H^U"")) L^O,T; H^-^iW")) is bounded. 

Sketch of the proof. First, we recall that for the pseudo-differential operator A'', whose symbol 
is (1 + = |A*t;|^2(Rn-) for any v G H^WC). Therefore, for a.e. {t,uj) G (0,r) x U 

and any u G L^(0, T; H^W)), if we write v = A^u, then 

\{Au){t,cj,-)\H^-i(nn = l(A'^"^(.4u))(t,w,-)|L2(R") = \A^-^A{A~^v)it,uj,-)\mR")- 
Noticing that A'^"^^A"'^ G 5^, by the result of Theorem 3.1, we have that 



L^(o,r) 



< C{Ci,a) |w(-,-,-)Il2(R") 



L^(0,T) 



E 



< 



vIl2(R")^* 



|(An)(t,u;,-)lV.(R.)dt = EjJ^ \A'-'A{A-'v)it,cv,^ 

rT rT 
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This finishes the proof. □ 

The second corollary involves the L^-estimates of the SPDOs defined on a local domain of R". 
For this purpose, we introduce some locally convex topological vector spaces: 

L^O,T;Hf^^{G)) = {u |for any V G C^{G) and a.e. {t,u) G (0,T) x U, 

{ipu){t,u),-) € H\]R"^); and \u\g^s,'ii^ = |V'^^|l^(o,T;J/«(R")) < 00} > 
which is generated by a family of semi-norms {| • \q,s,ip}^£Cg^{G)j 

L^0,T;HI^) = {n|for a.e. {t,oj) G (0,r) x u{t,oj,-) G H\W) and supp'u(i,a;, •) C if} , 
which is generated by the norm | • |L«.(o,T;i?'5(R")) ^'^d K is any given compact set; 

L^(0,T;i7i^p(G))= [j L^0,T;HI,), 

KCG is compact 
which is endowed with the inductive topology. 

Then, similar to Proposition 2.1, it is easy to show the following conclusions: 

(1) the locally convex space L'j^{{),T\Hl^p{G)) satisfies the first countability axiom; 

(2) the locally convex space Lj-(0, T; is a Prechet space; 

(3) lim Uj = in L%{0,T; H^^ (G)), if and only if there exists a compact set K* such that 

j->-oo 

swppuj{t,uj, •) C K* for a.e. {t,uj) G (0,r) x Q and lim \uj\j^q (o,T;if^(R")) — 0; 

(4) lim u^j = in LU0,T; Hf^^{G)), if and only if for any ^p G C^{G), 

IV'%lL^(0,T;i?^(R")) = 0. 



Corollary 3.2 Suppose that A is a SPDO and a is its amplitude. 

(1) If a G SUG X G X R-), then for any 5 ^U, A: L^O,T- Hi^^iG)) ^ L^O,T; Hf-\G)) is 
continuous; 

(2) If A is a uniformly properly supported SPDO with respect to {t,uj) and a G ^^(G x G x H"), then 
for any 5 G U, both A : L^O,T; H',,^^{G)) ^ L^O,T; H',J,^{G)) and A : L^0,T;HUG)) ^ 
L'^jr{0,T;Hf^/{G)) are continuous. 

Proof. For any u G ijr(0, T; II^^p{G)), by the definition of the space ijr(0, T; Hf.^p{G)), there 
exists a compact set K"^ such that u G L'jr{0,T; Hj^r). Take a function tpi G Cq°{G) such that 
y?i = 1 in iC''. Then for any function Tp G Cq^{G), 

{iP{Au)){t,u:,x) = {2Tr)-^ f f e'^^-y>^a{t,u;,x,y,OHx)MyHt,co,y)dydC 

JR" JG 

Write d{t,uj,x,y,^^) = a{t,u},x,y,S,)ip{x)(pi{y) and denote by A the SPDO determined by d. Then 
a G and Au = ip{Au). By Corollary 3.1, it follows that ^p{Au) G L^(0, T; //''-^(R")). This 
implies that Au G L5,(0, T; i//-^(G)). 
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On the other hand, if lim uj = in L%{0,T; H^g^^^ JG)), then there exists a compact set 
such that I J suppuj{t,uj, ■) C for a.e. {t,uj) G (0,r) x CI and lim I^^i Il'? roT-if'^rR"')) — ^■ 

7— 7-00 ^ \ ) } 

Similarly, take a function ip2 G Cq^{G) such that (/?2 = 1 in K^- Then for any function tp G C^{G), 
tp{Au) = Au, where the amplitude of A is aipip2 and a^/'(^2 £ -S^)- Therefore, by Corollary 3.1, 
lim ^{Auj) = in L5,(0, T; //^"^(R")). This implies that lim Auj = in LU0,T; Hf-/{G)). 

Hence, we get the desired result (1). 

Similarly, we can show that (2) also holds. □ 

3.2 i7-boundedness 

In this subsection, we present the I^-estimates (p > l,p / 2) of SPDOs. To begin with, we give 
the following known lemma, which will be used later. 

Lemma 3.2 ([13, Page 272]) There exist two functions ip* {■) , if* {■) G C^(R'') satisfying < 
< h and 

00 

(1) supp n-) C Bi, supp ^*{-) C Go; (2) + E = 1,V ^ G R", 

3=0 

where Bi = G R"; |^| = 1} and Go = G R"; K'^ < |C| < 2A;*} for a constant K > 1- 

Also, wc give a lemma, which is a reformation of the known Calderon-Zygmund decomposition 
and is adapted to the stochastic case. 

Lemma 3.3 Suppose that u G L^(R"'; Ljr(0, T)). Then for any r > 0, there exist the functions 

CO 

vi'), Wk{-) G L^(R"'; ijr(0, T)) (/c = 1, 2, • • •) such that u{t, uj, x) = v{t, uj,x)+ Wk{t, w, x), where 

k=l 

v{-) and Wk{-) satisfy the following conditions: 

suppu;fe(t, w, •) C /j., for a.e. {t,co) G (0,r) x il, where Ik are disjoint cubes in R"; 

00 

\Ik\ < k(-)lLi(R";L5,(o,r)); 

k=l 

/ Wk(t,u},x)dx = 0, \v{-, -jx)] TP (Qj^^ < 2^r, for a.e. (t, w, x) G (0, T) x O x R"; 

00 

Ht,uj,-)\Li^^n^ + ^ |wjk(i,a;,-)|Li(R") ^ w, OIlicr"), for a.e. {t,uj) G (0,T) x 

k=l 

\v{-r,x)\Li^^o^T) = H-r,x)\Li^^o^T), for a.e. x € {[j IkT; 

feeN 

/ \'f{-,-,x)\L<i^QT^dx< \u{-,-,x)\Li ,oT^dx, for any k efi. 

Proof. First, we divide R" into the cubes, whose volumes are greater than ?"~^|'u(-)|ii(Rn.^p_^Q 2-)). 
Then for every such cube M, 

I^(-)Il1(M;L^(0,T)) h(-)lLl(R";L^(0,T)) 

pWl - \M\ < ^^-^^ 
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Again, we divide every cube M into 2" cubes equally and denote by hk {k = 1,2, •••) those 

small cubes satisfying ' — > r. By (3.5), we obtain that |'w(-)lLi(7ifc;L'' (o,T)) < 

2"'r'|/ijk|. Next, we divide the cubes, which are not Iik, into 2" small cubes equally. Denote 
by hk (fc = 1, 2, • • •) those small cubes satisfying ihk,Lj^io,T)) ^ Similarly, we get that 

I -'2*; I 

h(-)lLl(/2,;L^(0,r)) < 2V|/2fe|. 

We proceed as the above steps, and then get a sequence of cubes (denoted by {Ik}kei^), such 

l^(') Li (O.'i')) 

that the average — ■ — of |it| on is greater than r for all fc G N. Moreover, 
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K(-)Ili(4;L^(o,t)) <2V|4|. (3.6) 



Define 



v{t,uj,x) = < 



u(t,u>,x)dx 



and 



Wk(t,U,x) = 



u{t,uj,x) X e {[j Ikf; 

feeN 



uit^u^x) — v{t,ijj,x) X G Ik, 

xe {hY- 



Jj^u{-,-,x)dx 



Then, if X G 4, by (3.6), |v(-,-,x)|iP (o,;r) _ 

for A; G IN . If x G ( [J IkY, there exists a sequence of cubes {-f^jfegN satisfying x G P| and |/^| 

feeN fceN 

l^(') Ili (/*-L'' (0 T)) 

tends to (A; — )• oo), such that ^' — < r. Therefore, we get that |i'(-, •, a;)|LP^(o,T) ^ 

I I 

r for a.e. x G ( |J IkY- This implies that \v{-, ■,x)\j;^p ^q^t) ^ for a.e. x G R"'. Furthermore, it 

feeN 

is easy to check other conclusions in Lemma 3.3. The proof is completed. □ 

Remark 3.3 Similar to Lemma 3.3, we can get the following result: ifu G L^(0,T; L^{R^)), then 
for any r > 0, there exist the functions v{-), Wk{-) G L^(0, T; L"'^(]R")) [k = 1,2, •••) such that 

oo 

u{t,u},x) = v{t,uj,x) + J2 Wk{t,0J,x), where v{-) and Wk{-) satisfy the following conditions: 

k=i 

suppwk{t,(jj, •) C 4, for a.e. {t,Lo) G (0,T) x fi, where 4 are disjoint cubes in R"; 

oo 

141 < |'"(-)Il^(o,T;L1(r")); 

k=l 

/ Wk(t,u,x)dx = 0, \v(t,u,x)\ < 2"-r, for a.e. (t,oj,x) e (0,T) x Q. x R"; 

oo 

\v{t,UI, OIlICR") + \'^k{t,iO, OIl^R") < 3\u{t,UJ, •)|li(R")- 
k=l 
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Based on the above lemmas, first of all, we give a boundedness result for a class of SPDOs, 
whose symbol a = a(t,a;,^) is independent of the variable x. For the functions ip* and if* given 
in Lemma 3.2, write a_i^^,(t, w, ^) = ip*{(,)a{t,LO,£,) and aj^*(i,a;,^) = ip*{2~^^)a{t,u},$,) {j G N). 
Then we have the following result. 

Lemma 3.4 Suppose that a = a(t,cj,^) G Sp. Then there exists a nonnegative function M„(-, ■) G 
L5.(0, T) such that for any j G IN U {-1}, 

/ \aj ^(t,ui,x)\dx < Mn(t,uj), a.e. (t, w) G (0, T) x fi, 

where aj^:^{t,oj,x) denotes the Fourier inversion transform of aj^*{t,co,$,) with respect to the variable 
^. Moreover, for the associated SPDO Aj^^ determined by the symbol aj^* and any G [l,oo], 
Aj^^ : L3.(0,r;L?'*(lR")) ^ L^! (0, T; L?'* (R")) is bounded. 

The proof of Lemma 3.4 is similar to that in the deterministic case. Therefore, we omit it. 

Next, we present another useful lemma. Notice that by Lemma 3.3, for any u G L^(1R"'; Ljr{0, T)), 
there exist the functions v and Wk {k G IN) satisfying all the conditions mentioned in Lemma 3.3. 
Actually, for any u G L^{MP; Ljr{0,T)) and the associated v, the following conclusion also holds. 

Lemma 3.5 Suppose that a = a{t,uj,^) e S^, u £ L1(R"; L^(0, T)) and u{t,uj,-) G L^{W) D 
L2(]R"), for a.e. {t,oj) G (0,r) x n. Then for any r > and a.e. {t,uj) G (0,T) x Vl, 

r-|{xGR"; \{Au){t,uj,x)\> r}\ 

< C(n,a) (|«|li(r";L^(o,t)) + l«(*,'^r)|Li(R") + w, •)li2(R»)) , 

where v is the function associated to u in Lemma 3.3. 

Proof. For any u G L1(1R"; ^^.(O, T)) satisfying u(t,w,-) G ^^(IR") n 1.2(11"), for a.e. {t,u) G 
(0, T) x O, suppose that v and {k G N) are the functions mentioned in Lemma 3.3. Then, for 
any r > 0, it follows that 

\{x eU'';\{Au){t,uj,x)\ >r}\ 

(3.7) 

< \{xeU'';\{Av)it,u:,x)\ > §}| + {xGlR";|(^ E Wk){t,uj,x)\ > §} . 

k=l 

In the following, we estimate two terms in the right side of (3.7), respectively. By Theorem 3.1, 

G R"; |(At>)(t,w,x)| > ^}| < / \{Av){t,oj,x)\'^dx <C{ a) / \v{t,LO,x)\'^dx. (3.8) 
4 2 Jr" Jr" 

On the other hand, denote by 7^^* the cube, with the same center as 1^ and the length of side twice 
than 7fe- Let 7* = [J 7^ Then, for any A; G N, if we can prove that 



/ \(Awk){t, cj, x)\dx < C / \wk{t,uj,x)\dx, (3-9) 
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it follows that 

oo 

^ {xe{rr;\J2i^y^k){t,u;,x)\ > ^} 



k=l 



< E 



r 
2 

oo 



< 



I ^{Awk)it,uj,x)\dx 
k=i 



k=l 



\{Awk){t,u},x)\dx <C^ \wk{t,u,x)\dx <C\u{t,uj,-)\Li(iry, (3-10) 



oo oo 

< r E \Ik,*\ = 2"r E |4| < S'^hCOlLHR-L^CCT))- 
k=l k=l 

By (3.7), (3.8) and (3.10), we obtain the desired result. The remainder is devoted to the proof of 
(3.9). We denote by the length of side of Ik and write hj{t,u,x) = aj^^{t^uj^^), where Oj,* are 
the functions mentioned in Lemma 3.4. Then we see that 



/ \{Awk){t,uj,x)\dx< V / / hj{t 



,u,x- y)wk{t,u;,y)dy 



dx 



< E 



dx 



hj(t,uj,x- y)wk{t,uj,y)dy 
+ E / / [hj{t,u;,x-y)-hj{t,uj,x)]wkit,uj,y)dy 



(3.11) 



dx. 



Similar to the deterministic case, we estimate two terms in the right side of (3.11), respectively, 
and then get (3.9). This finishes the proof. □ 

Remark 3.4 Similar to Lemma 3.5, we can prove the following result: suppose that a = a{t,LO,^) G 
and u G Lf{Q,T;L^{K')). Then for any r > and a.e. {t,uj) € (0,r) x n, 

r-\{xeIC; \{Au){t,uj,x)\ > r}\ < C(n, a)|'u|i^(o,T;Li(R"))- 

Now, we give the Z^-estimates {p > 1, p ^ 2) of a, class of the SPDOs of order (0, oo). 

Theorem 3.2 Suppose that a = a{t,co,$,) G and p > 1. Then for the associated SPDO A, the 
following conclusions hold: 

{l)ifl<p<2,A: LPiWC; L5^(0, T)) ^ LP(WC; L^O, T)) is bounded; 
(2) ifp >2, A : LP{W;L^^{0,T)) LP(R'*; lJ(0, T)) is bounded. 
Proof. For any r > 0, define 



Ur{t, U), x) 



U^{t, UJ, x) 



u{t,uj,x) \u{-,-,x)\LP^(^o^T)>r, 
H;;x)\lp^o,t) <r, 







u{t,uj,x) \u{-,-,x)\lp 



(0,T) 



< r. 



Then, for 1 < p < 2, by Lemma 3.5, we have that 

/•oo 

\{Aur)it,u;,-)\lp(nn) = / prP-^\{x eWC';\{Aur){t,oj,x)\ > r}\dr 

J 



< 



PC 

C{n,a,p) / 
Jo 



l'"r-|Li(R";L5,(o,r)) + kr(i,w, •)|i,i(Rn-) +r (*> ') li2(R") dr, 
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(3.12) 



where is the function associated to Ur in Lemma 3.5. Next, we estimate every term in the right 
side of (3.12) respectively. 



^ Jo Jo ^'''^^^'''^L^R";L^o,T))drdt = j^jP~'^\ur{-,-,x)\jP^(^Q^j<)dxdrdt 
<C{T) I /'"'"^'"■"V^'-X-,.,x)|^P(o,T)C^^fia;<C(r,p) / \u{;;x)\l, dx- 



(3.13) 



T'^~'^\ur{t^uj^-)\Li^ri^drdt = E / / / r'^~'^\ur{t^{jj^x)\dxdrdt 

t/ J R,'^ 

POO r 

<C{T,p) lrP-^\ur{;;x)\Lr^^o,T)dxdr (3.14) 
" ^^^'^"^ Ibt- lo rP~'^\u{-, ■,x)\LP^(^Q^T)drdx = C{T,p) j^^ \u{-, ■ , x)\lp^^^^^^^dx; 



rP~^\vr{t,oj,-)\\2(j^n^drdt = 'E / / rP-'^\vr{t,ijJ,x)\'^dxdrdt 



roc 

< / , 

/o JW 



(3.15) 



= C(n) [E/^^^''">r-(-,-,x)|^^^^^^^dx + j^y^ ^^yr^~''\vr{;;x)\^,,^^^^^dx]dr 

roo r p 

^Cin) [J2^J^jP-^\Ur{;;x)\^,^^^^^^dx + j ^^^y-^\Uri- , ; x)\ ^,^^^^^^^dx]dr 

feeN 

roo r 

= C{n) J J ^rP-'^\uri-,-,x)\^pj^^^^^^dxdr 

^ ^^"^ L ^"'M; ■,x)\^,^^^^^^drdx 

= ^'^'^'P^ H-,-,x)\l^^f^Q^j,^\u{-,-,x)\^pj^^^^^^dx < C{n,p,T) J^^ \u{-, ■,x)f^^, ^^^^dx. 
By (3.12)-(3.15), we see that 

e/ \{Aur){t,u,-)\lp(^n^dt <C{n,a,p,T) [ \u{-, ■,xW , dx. (3.16) 
Jo ^ ' Jw (o,T) 

On the other hand, 

\{Aun{t,uj,-)\l,(^nn= / Pr''-'\{xeB!';\{Au'-){t,u,x)\>r}\dr 

J 

poo p poo p 

< prP-^ \{Au''){t,uj,x)\'^dxdr <C{a) / prP-^\u^{t,uj,x)fdxdr 
Jo Jr" Jo Jr" 

= C(a) / prP^'^dr\u(t,oj,x)\^dx < C(a,p) \u(-,-,x)\^j.^ ,„„Au(t,io,x)\'^dx. 

Jn"J\u\^p,,^. jR" ^^^"''^ 
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Therefore, we obtain that 




(3.17) 



(3.16) and (3.17) imply the desired result (1). By Lemma 2.1 in [10] and a duality argument, we 



Remark 3.5 Similar to the proof of Theorem 3.2, by Remark 3.3 and Remark 3.4, we can prove 

the following result: if a = a{t,Lo,^) G S^, then for 1 < p < 2, the associated SPDO A : 
LP(R";L;^(0,r)) Lf{0,T;LP{W)) is bounded. However, for p > 2, we do not establish the 
corresponding boundedness result, because we fail to give a characterization for the dual spaces of 
LP{R'';Lf{0,T)) and L'^{0,T; LP{WC)) at this moment. 

In the remainder of this subsection, we establish the L^-estimates of the SPDOs defined on a 
local domain. First of all, we give a preliminary. 

Corollary 3.3 Suppose that a G ^^^(II" x H" x R") and A is the associated SPDO. If there exists 
a bounded set Bo C R^", such that sup'pa{t,u},-,-,^) C Bq for a.e. {t,u!) G (0,r) x f2 and any 
^ G R", then the conclusions (l)-(2) mentioned in Theorem 3.2 hold. 

Sketch of the proof. The method of the proof is similar to that used in the deterministic case. 
First, we construct a family of amplitudes {0'r],<;}(ri <;)£R^"^ whose associated SPDOs {^?7,?}(^ 5)gR2n 
have good estimates with respect to parameters (r/,^^). Indeed, write 



can get the result (2) for p > 2. 



□ 




Jr" Jr' 



uj,x,y,^)dxdy. 



Then for any multi- indices ai, a2 and /3, it follows that 




This impUes that for any A; G N, a.e. {t, ui) G (0, T) xQ, and any (ry, <j, ^) G R" 
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Next, denote by Aj^^^ the SPDO, whose amphtude is a. Based on the result of Theorem 3.2, we 
obtain that 

\'^vs\ciLp(n";4(o,T)),LPin-;L^^io,m " C{n,k,T,a, Bo,p){l + |r?| + |<^|)-^ for 1< p < 2; 
Moreover, notice that 



{Au){t,u, x) = {2Tr)~'^ / e'-^''~y'>'^a{t,oj,x,y,C)u{t,oJ,y)dxdy 

= (27r)-3^^/ / e'(^-?')-«[/ / e'^''-''+y'^a{t,uj,r],<^,^)dr]dc,]uit,oj,y)dxdy 
Jr" Jr" ur" ^r" J 

JR" Jr" 

Therefore, for 1 < p < 2, 

< C{n,T,a,Bo,p) J^Jjl + |ry| + kl)-^"->L.(^n^,5;(o,T))^^* 

We can get the result in the case of p > 2 in the same way. □ 

Next, we introduce some locally convex topological spaces. For any p,q > 1 and any compact 
set K C R", 

LP{K; L^(0, T)) = {ue LP{G; L^(0, T)) | supp u{t, uj, •) C K, for a.e. {t, lo) G (0, T) x 0} , 
which is generated by the norm | • |lp(G;L9.(o,t)); 

IJP,^^{G;L%{0,T))= U i7(if;L3.(0,r)), 

_ft'CG is compact 
which is endowed with the inductive topology; 

= IV''"lLf(G;L^(o,T)) < oo, for any ^ e C^(G)} , 
which is generated by a family of semi-norms {| • \p,q,ip}ii,^cg°(G)- 

Then, based on Corollary 3.3, by the method similar to that used in the proof of Corollary 3.2, 
we get the following boundedness result. 

Corollary 3.4 Suppose that A is a SPDO and a is its amplitude. 



(1) Ifae SliG xGx R-), then for l< p < 2, A : L?„^p(G; L^^lO, T)) ^ Lf„^(G; L^(0, T)) 



IS 



continuous; 



(2) Ifae Sl{G xGx R"), then for p > 2, A : ^^^^^(G; L^(0, T)) ^ ^JG; L^O,T)) is 
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continuous; 

(3) If A is a uniformly properly supported SPDO with respect to {t,uj) and a G S^{G x G x R"), 
than forl<p<2, both A : LP^p{G; (0, T)) ^ L?^p(G; L^O, T)) and A : Lf„,(G; L5:(0, T)) ^ 

Lj-(0, T)) are continuous; 

(4) If A is a uniformly properly supported SPDO with respect to {t,uj) and a G S^{G x G x R"), 
than forp^ > 2, both A : LP^^^G; LP^{0,T)) ^ Lg^^(G; (0, T)) and A : LfJG; LP^{0,T)) ^ 
Lf^^{G; L^{0,T)) are continuous. 

4 Elliptic stochastic pseudo-differential operators 

In this subsection, we introduce the notion of eUiptic SPDOs and point out their invertibihty. Also, 
we give the Garding inequality. 

First of all, we define an elliptic operator and its parametrix. 

Definition 4.1 Suppose that A is a SPDO of order {i,p) and a is its symbol. A is called an elliptic 
SPDO if for any compact set K, there exist two positive constants Ck and Rk, such that 

\a{t,u),x,^)\ > CK{l + \i\f, for a.e. {t,co) G (0,r) and any (x,^) e Kx{^ eW; \^\ > Rr}- 

Definition 4.2 A left parametrix Qi (or a right parametrix Q2) for a SPDO A of order {i,p) is a 
SPDO, which is a single-sided inverse for A modulo smoothing operators satisfying 

Q^A-IeC^ {orAQ2-IeC-^). 

Next, we present invertibihty of elliptic SPDOs. 

Theorem 4.1 Suppose that A is an elliptic SPDO of order {i,oo). Then there exist two SPDOs 
Qi, Q2 £ ^^{G), which are the left parametrix and right parametrix for A, respectively. 



Also, we give a lemma, which is a preliminary for the proof of the Garding inequality. 

Lemma 4.1 Suppose that A is a SPDO of order (0, 00) and a is its symbol. If for a.e. {t,uj) G 
(0,r) X n and any {x,^) G R^", Re a{t ,oj,x,^) > C* for a positive constant C* , then there exists 
a SPDO BeCl^, such that 

A 4- A* 

— t— - B*B G 

The proofs of Theorem 4.1 and Lemma 4.1 are similar to those in the deterministic case. Here we 
omit them. 

Now, we prove the following Garding inequality. 
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Theorem 4.2 Suppose that A is a SPDO of order (i, oo) and a is its symbol. If there exist two 
positive constants 5* and R* , such that Re a{t,oj,x,^) > 5*\^f for a.e. {t,u}) € (0,T) x $7 and any 
{x,C) eWCx{C&W; 1^1 >R*}, then for any e > 0, r eR and ueL%{0,T;H''{WC)nH^R'')), 



^ j Re {Au{t,uj, ■),u{t,uj, ■)) j^2(^-^n^ dt 

Sketch of the proof. If = 0, without of generality, we assume that Re a{t,uj,x,^) > 5*\S^f for 
a.e. {t,oj) G (0,T) x Q and any {x,S_) € H^". Write = a — {5* — e) and let A^ be the associated 
SPDO. Then, we see that Re > e, and by Lemma 4.1, there exists a SPDO B G such that 

^^^^^ - B*B = Rie C^. Therefore, ^^^^ - {6* - e)I - B*B = Ri. By the L^-estimates, 
this leads to that 



Re {{Au){t,uj,-),u{t,Lu,-))L2(jin^dt 
= E^ Re {{S* -e)u{t,u,■),u{t,u,■))L^n")dt + 'E Re {{Bu){t,uj,-),iBu){t,uj,-))L^Rr. 

+E J Re {{Riu){t,uj,-),u{t,uj,-))L2(iin^dt 
>{S*-2e)Ej \u{t,uj,-)\l2^^n)dt-C{£)E \u{t,u;,-)\'jjr(j^n)dt. 



We can also get the desired results for a G {£ ^ 0) by the technique used in Corollary 3.1. This 
finishes the proof. □ 

5 Calderon-type theorem of stochastic pseudo-differential opera- 
tors 

In this section, as an application of the theory of SPDOs, we establish a Calderon-type uniqueness 
theorem on the Cauchy problem of SPDEs. In order to present the main idea, we focus on the case 
of at most double characteristics. The key point of the proof is to establish a new Carleman-type 
estimate for the SPDOs of order (1, oo). 

5.1 Statement of the main result 

Let [/ be a neighborhood of the origin in R". Set X^o = f] L^{n;C^{[0,T];C\U))) and = 
fl L3r(0; C'=i([0, T];H''^U))). Consider the Cauchy problem for the following linear SPDE 

ki<.m 
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of order m: 

m—1 



\dDT-\=Y, E a^{t,u,x)D'iD'ludt 

k=Q \a\=m—k 

J2 [hit, u, x)Dl^udt + c^(t, w, x)Dl^udw{t) in (0, T) x O x [/, ^^'^^ 

"<m 

. u{0) = Dtu{0) = ■■■ = D™-^m(0) =0 in X [/, 

where Dt = i^, = jgf^j and /3 denote two multi-indices, and Ua, bjs, G X^o- 

m—1 

Write pm{t,Lu,x, A,^) = A"* - ^ ^ a„(t,a;,x)^"A'= and denote by {Xk{t 

k=0 |a|=m— fc 

l,---,m} the characteristic roots of Pm{t,(jJ,x,X,S,) for a.e. {t,u}) € (0, T) x Q and any (x,.^) G 
U xR", i.e., pm(t,w,x, Afc(t,a;,x,^),.^) = 0. Also, for a.e. {t,uj) G (0, T) x O and any (x,^) G J7xlR" 
satisfying |^| = 1, we introduce the following hypotheses: 

(HI) all real roots are simple and the multiplicity of all complex roots is at most two; 
(HI') all roots Xk{t,u!,x,(,) {k = 1, ■ ■ ■ ,m) are simple; 

(H2) there exists a positive constant e, (which is independent of t,(jj, x and ^) such that for any 
complex root Xk{t,LO,x,^), |ImAfc(t, cj, x, ^)| > e; 

(H3) If a root Xk{t,uj,x,$,) is real (complex) at a point, it remains real (complex) at every point; 

(H4) The algebraic multiplicity of all complex roots is constant with respect to every variable, and 
the geometric multiplicity of all complex roots is constant with respect to co. 

Then, the main results in this section are stated as follows. The first one is a uniqueness result 
for equation (5.1) in the case of single characteristics. 

Theorem 5.1 Suppose that the hypotheses {Hi'), (H2) and {H3) hold. If u & is a strong 
solution of equation (5.1). Then there exist a neighborhood V{c U) of the origin in R" and a 
sufficiently small T' > such that u vanishes in (0, T') xVtxV . 

The other one generalizes the result of Theorem 5.1 to the case of at most double characteristics. 

Theorem 5.2 Suppose that the hypotheses (HI), {H2), {H3) and {H4:) hold. If u G X^ is a 
strong solution of equation (5.1). Then there exist a neighborhood V{c U) of the origin in R" and 
a sufficiently small T' > such that u vanishes in (0, T') x Q, xV. 

We shall give the proofs of Theorem 5.1 and Theorem 5.2 in the next two subsections respec- 
tively. 
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5.2 Proof of Theorem 5.1 



In order to get a Calderon-type uniqueness result, we first point out that it suffices to establish 
a suitable estimate for a strong solution of a SPDE of order m. Next, by introducing a pseudo- 
differential operator, we reduce the desired estimate to a new Carleman-type estimate for a SPDO 
of order (1, cxd). Finally, we give the proof of the Carleman estimate (see Lemma 5.1), based on the 
theory of SPDOs mentioned in Sections 2-4. 

To begin with, we introduce a smooth real function C satisfying that C^{t) = 1 in [0, 2r/3] and 
C,{t) = in [T, oo). Write = {x ^ R"; \x\ < r}. Then, we have the following result. 

Proposition 5.1 Under the assumptions {HI'), {H2) and {H3), if u € X„i is a strong solution 
of equation (5.1) satisfying that suppu(t,a;, •) C Br for a.e. {t,uj) € (0,T) x Q, then there exists a 
constant C , (which is independent of u and fj,) such that for sufficiently small positive constants r, 
T and 

E/Je'^(*-^)' E \DUCu){t)\l,^B.)dt 

l"l<™ ^5 2) 

<C7(r + M-^)E E fp{t,u,.)Dlu{t)\l,^^^^dt, 



Km 



where f^ e Xoo {0 < |/3| < m) depends only on {aa}i<\a\<mdh}m<m O'nd {cp}\^\^^, and 
fp{t,uj,x) = for {t,w,x) G [0,2r/3] xnxU. 

Remark 5.1 Let us show how to deduce Theorem 5.1 from Proposition 5.1. In fact, let u be a strong 
solution of equation (5.1). Without loss of generality, we suppose that suppu C R"*" x Q x R" by 
the given initial condition. In order to construct a function with compact support with respect to 
the variable x, we make the following Holmgren transformation: 

{t,u!,x) {t' ,00' ,x'), x' = X, Uj' = UJ, t' = t + 5'\x'\^ 

where 5' is a sufficiently small positive constant. Then after the coordinate transformation, all condi- 
tions in Theorem 5.1 still hold, and for sufficiently small positive constants T andr, supp u{t,uj, •) C 
Br for a.e. {t,u!) G (0, T) x Q. Therefore, by (5.2), it follows that 

e^E jj |u(t)|i2(B^)dt < Ey^' e'^(*-^)>(t)|i2(B^)dt 

< C{T, u, r, m)/x-i e^^'-^^' dt < C{T, u, r, fp,m)ix-\1^\ 

Letting /x — >■ 00 m the above inequality, we obtain that u = in {0,T/2) x O x Br, which implies 
Theorem 5.1. 

In the following, we divide the proof of Proposition 5.1 into four parts. 

Step 1 We transform a SPDE of order m to a stochastic pseudo-differential system of order 1 . Write 
Ak{t,u!,x, D) = ^ aQ;(t,a;, a;)Z)", andthenthesymbolajk(i,a;,a;,^) of ylfe is E O'a{t,oj,x)^'^ 

\a\=m—k \a\=m—k 
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Therefore, if we denote by u a strong solution of equation (5.1) and let 



m—l I 



it is easy to see that 



where 



:dY = AYdt + fdt + Fdw{t), 



A 








A 




V 




A 



\ 


A 

A'm-l J 



f = {0,0,..., J2 fl{t,uj,x)Dl,u+ J2 bf,{t,u,x)D^^,{Cu)y, 

\l3\<m \l3\<m 

F={0,0,---, J2 fl{t,u:,x)Dl,u+ ^ cp{t,u,x)Dl,{Cu))' , 

|/3|<m |/3|<m 

and fp, fj € (|^| < m) depend only on m, {aa}i<|Q|<^, {6/3}|^|<m, {cii}\0\<rn and C- Moreover, 
x) = for {t, w, x) e [0, 2T/3] xUxU {j = 1, 2). Furthermore, if we denote by Aq a SPDO, 
with the symbol 



ct{Ao) 








then A = Ao + B, where B G >C^(?7). 



1^1 








1^1 





0\ 


.-1 J 



Step 2 We make the diagonalization for operator ^o- By the assumption {Hi'), for a.e. {t,uj) G 
(0,T) X n and any (x,.^) € [/ x H" satisfying [^| = 1, there exists an invertible matrix r*(t,uj,x,^,) 
such that j* = r* ■ a{Ao) ■ r*~^ is a diagonal matrix. Since cr(^o) is homogeneous of order 1 
with respect to ^, j* is still a diagonal matrix after r* is extended homogeneously of order to 
]R"\{0} with respect to Denote by R, S and J the SPDOs, whose symbols are r* , r*^^ and j*, 
respectively. Then J G C]^{U) is diagonal. Let Z = RY . By the assumption (H2), if an element 
of the diagonal of J is + iBi, then either Bi = or Bi is an elliptic SPDO of order (1, oo) with 
a real symbol. 

Step 3 We give a new Carleman-type estimate for a SPDO of order (1, oo). 

Lemma 5.1 Suppose that Ai and Bi are two SPDOs of order (l,oo) and their symbols are real. 
If Bi = or Bi is elliptic, and z G Lj^{Q,;C{[0,T];H^(RP'))) is an H^CSR^) -valued semimartingale 
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satisfying z{0) = z{T) = a.s., then for sufficiently small fi ^ and T, it holds 



E 



T 



-E / ( 
Jo 



JK 



< -ReE 

2 rT 
ImE 

f-T 



\lj,{t - T)z - Bi{t)z\l2^-^n-jdt 



/7 

Jo Jr" 



r-dz - Ai{t)zdt - iBi{t)zdt 
\dz - Ai{t)zdt - iBi(t)zdt 



■ [ijJLit - T)z{t) - iBi{t)z\dx 



(5.3) 



{Bi{t) - Bl{t))zdx 



-2E / / (t-r)e''(*-^)'|dzPdx--ReE / e^'^^-^^\dz,Biit){dz))L2mn.^ 
Jo Jr" Jo 

where Bf denotes the conjugate operator of Bi . 

Proof. Set 6 = e 2 and if = Bz. Then it is easy to show that 



e 



-dz - Ai{t)zdt - iBi{t)zdt 
i 



-d(p — Ai(t)(pdt + iiJ,{t — T)ipdt — iBi(t)(pdt. 
i 



(5.4) 



Multiplying both sides of (5.4) by i/i(t — T)(f — iBi{t)(f, and integrating on (0,T) x J7 x R", we 
obtain that 



Re E 



T 

JR" 



-dz - Ai{t)zdt - iBi{t)zdt 



[i//(t — T)ip — iBi{t)(p]dx 



Re E 



JR 



\n{t - T)ip - Bi{t)ip\'^dt - n{t - T)<pdip 



(5.5) 



+ifi{t - T)Ai{t)(f ■ Tpdt + Bi{t)(pd(f - iAi{t)if ■ Bi{t)(pdt 



dx. 



We estimate one by one the last four terms in (5.5). First, by Ito's formula, it follows that 



-liRelE [ [ (t - T)lpd(pdx = f |^/'|r2/Rn^c^^ + / / (t - T)e^\dz\^dx 
Jo Jr" 2 [Jo ^ ' Jo Jr" 

Also, by the L^-cstimates of SPDOs, we see that 

ReE/ / ifi{t-T)Ai{t)<p-(pdxdt = 'E [ {{Ai{t) - Al{t))<p, ip)dt 

Jo Jr" Jo 2z 



(5.6) 



> 



-CflTE^ \^\l,^^n)dt, 



(5.7) 



here and hereafter, we denote by (•, •) the inner product in ^^(IR"). Next, we notice that 

rT 



Re E 



JR 



Bi (t)(pd(pdx 



= ^Re E / [{dip,Bi{t)<p) - {cp,Bi^tit)v)dt - {ip,Bi{t){dip)) - {d<p, Bi{t){d<p))] 
2 Jo 

= _iReE r {^,B^^t{t)^)dt 
^ Jo 

+jRe E Hd^, {Bi{t) - Bl{t))^) - ^Re E {dip, Bi{t){d^)). 
2 Jo 2 Jo 
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Therefore, for sufficiently small e > 0, by Holder's inequality and the L^-boundedness of SPDOs, 
it follows that 

Re E / / Bi{t)(pd(pdx 
Jo Jr" 

> W\L-^{Br')\Bl,t{t)ip\L^(^^n^dt 

-^Im E^^ Qdv? - Ai{t)^dt, (Biit) - Bl{t))^^ 

-hm E riAiit)<p, - Bl{t))ip)dt - ^Re E ^ {dip, Bi{t){d^)) 

2, Jo 2 Jo 

= -^^j^ \v{t)\L2(Rn^\Bl^t{t)(p\L^(Rn)dt 



+ -Im E 
2 







'rdz - Ai{t)zdt - iBi{t)zdt 



i/iit — T)ipdt 



(5.8) 



+iBi{t)^dt, - Blit)Mt)) 

rT 



-hmE [ {Aiit)ip,iBi{t)-Bl{t))ip)dt-l;ReE [ {d^,Bi{t){d^)) 
2 Jo 2 Jo 

+^Im ^£ 0^ Qdz - Ai{t)zdt - iBi{t)zdt, {Bi{t) - Bl{t))z 

--Re E / e'^{dz,B^{t){dz)). 
2 Jo 



dt 



Moreover, for sufficiently small £ > 0, it holds 



Re E / / iAi{t)ip ■ Bi{t)ipdxdt = Im E / {ip, A\{t)Bi{t)ip)dt 

Jo JR" Jo 



= E 



2i 



dt 



E i'P,iAmBi{t)-{Al{t)B,{t)r)^) ^^ 



> 



7 

Jo 



(5.9) 



By (5.5)-(5.9), we end up with 



Re E 



10 JR" 

rT 



dz - Ai{t)zdt - iBi{t)zdt 



[ilJi{t — T)ip — iBi{t)(p\dx 



> -E / / \ii{t-T)^- Bi^\^dt+-'E [ |^|^2.Rn^d^+ / / {t-T)e^\dz\'^dx 
2 Jo JR" 2 [Jo ^ ' Jo Jr." 

-CfiT^J^ l<^li2(R")cii - eE^ {iflh^^n^dt - C{e)E£ \ip\h^tindt 

+-Im E / 9^[-dz- A^{t)zdt - iBi{t)zdt, {Bi{t) - Bl{t)) 
2 Jo \i 

1 rT 

— Rc E / e'^{dz,Bi{dz)). 

2 Jo 



(5.10) 
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If Bi is an elliptic SPDO, by Theorem 4.1, it follows that 

< Ce£ \n{t - T)ip - Bi{t)ip\l2^^u^dt + C(l + Tti)TE£ bli2(Rn)dt. 
By (5.10) and (5.11), if we take n"^ and T sufficiently small, then 



(5.11) 



Re E 



/7 

Jo Jtc 



-dz- Ai{t)zdt - iBi{t)zdt 



[ilJ,{t — T)(p — iBi(t)(p]dx 



(5.12) 



(5.13) 



> |^|i2(Rn)di + W - T)^ - Biit)^fdxdt 

+^Im ^J^O^ (^^dz - Ai(t)zdt - iBi(t)zdt,{Bi{t) - Bl{t))z 

r [ {t-T)9^\dz\'^dx-lRe]E e^{dz,Bi{t){dz)), 
2 Jo Jr" 2 Jo 

which implies the result of Lemma 5.1. 

On the other hand, the case of 5i = can be treated in the same way. C 

By Lemma 5.1, (5.3) holds for every component of Z. Therefore, we obtain the following result 

Proposition 5.2 For sufficiently small ji"^ and T, the following inequality holds: 

E j\^'^'-^^'\Z{t)\l2^^«)dt + hE^ef'^'-^^'lfxit - T)Z{t) - Bi{t)Z{t)\l2^^n^dt 

< -ReE r I e'^^*-^)" {-dZ - J{t)Z{t)d.t) ■ [in{t - T)Z{t) - iBi{t)Z{t)]dx 
H Jo Jr" \^ / 

--ImE r [ e''^*-^)' (-dZ - J(t)Z(t)dt] ■ (BUt) - BUt))Z(t)dx 
H Jo Jr" \i J 

-2E / (t-r)e^(*-^)'|dZ|2dx- -ReE e^^^-^">\dZ,BAt){dZ)). 
Jo Jr" At Jo 

Step 4 By the result of Proposition 5.2, we give an estimate for the vector Y. First of all, we 
notice that there exist a constant C > and a SPDO Tq G C'^{U), such that 

E r e^\Y{t)\l2^^n-)dt < CE r e\\Z{t)\l2^^n^ + |l^(t)|^-i(Rn))a!i; 

R [jdYit) - AY{t)dtj = -rdZ{t) - JZ{t)dt + T^Y{t)dt. 

In fact, by Imxm = r* ■ r*~\ there exists a SPDO T*^ e C^{U) such that I = SR + T1^. Hence, 

Y = SKY + Tl^Y = SZ + Tl^Y. 
By the L^-boundedness of SPDOs, the first inequality of (5.14) holds. On the other hand, 
R (-dY - AYdt] = -dZ + -RtYdt - RA(SZ + Tl{Y)dt 

= -dZ - JZdt + JZdt + -RtYdt - RA(SZ + T\Y)dt 
i i 

= \dZ - JZdt + {DtR - RATli + JR- RASR) Ydt, 
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where Tq* = DtR - RATl-^ + JR- RASE is a SPDO of order (0, oo). 
Next, by (5.14), Holder's inequality and Proposition 5.2, we get that 

Bj\i'^^-'^^'\Y\l2^^n^dt+^Ej\''^*-'^')'\n{t - T)RY - Bi{t)RY\l2^^u^dt 



At Jo Jr" 
--ImE r I e^^*"^) 
rT 



R (^^dV - AYd?j - T^Ydt 
' ^R ( ^dY - AYdt^ - T^Ydt 



[in{t - T)RY - iBi{t)RY]dx 



{Bi{t) - Bl{t))RYdx 



-2E r f {t-T)e^\RdY\'^dx--ReE 9^{RdY,Bi{t)iRdY)) 

Jo JR" fl Jo 

< -Re E r [ e''(*-^)'i? (-dY - AYdt] ■ [in(t - T)RY - iBAt)RY\da 
M Jo JR" \i J 

--Im E / e'^^^-^'^^R (-dY - AYdt \ ■ (BUt) - Bl(t))RYdx 
IJ. Jo Jr" \i J 

1 

+— E e^'^^-^^^\fx{t-T)RY-Bi{t)RY\l2(^^n)dt 

+£e y^e'^(*-^)V|i2(R„)dt + CE f e^^'-^^'\Y\]j.,^^n^dt 

no rT 
e'^\RF\^dxdt- -RaW. / 9^{RF,Bi{t)RF)dt 
_i" M Jo 



Since Bi is an elliptic SPDO and its symbol is real, by Theorem 4.2, we see that 



— ReE / e^{RF,Bi{t)RF)dt < [ e^\F\l2(^n.dt. 
H Jo IJ' Jo ^ ' 



It follows that 



< -Re E / e'^(*-'^)'i?/ • - T)i?y - iBi(t)RY\dtdx 
H Jo Jr" 

--Im E / e''(*-^)'i?/ • (Biit) - BUt))RYdtdx 
fi Jo Jr" 

1 /"^ 

+— E y e'^^*-^)' \n{t - T)RY - Bi{t)RY\l2^^n^dt 

+^E /%'^(*-^)V|i.(^.)di + CE 
+C7(T + i)E|%M*-T)y|2^^^„^^,. 



(5.15) 
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Therefore, by Holder's inequality, we have that 

1„ 



E / e^(*-^)' \y\h{u^)dt + -E / e^(*~^)' \ii{t - T)RY - Bi{t)RY\l2(^^r.^dt 
Jo 1^ Jo 

< |-E r e'^(*-^)' Mt - T)RY - iB,mY\l,^^.^dt + ^E e'^(*-^)' \f\l,^^. 
'^f^ Jo fJ' Jo 

+-E l\'^('-^^'\Y\l,^^„)dt + Cr^E j\^^'-^^"\Y\l,^^n 



rT 



.^dt 



M ^0 

Then, for sufficiently small r, T and jjT^ , we obtain that 

r-T „ 1 /-T 



EJ^ e'^(*-^)Vli2(R»)'^* + ^E^ e^'^''-^^^\^i{t-T)RY -B^{t)RY\l2f^^n^dt 

fJ' Jo fJ' J 



(5.16) 



By the definition of F, ^ l(A%(C'"))(i)li2(Rn) < C\Y{t)\\2^^ny Notice that (5.16) implies (5.2). 

|a|<m 

5.3 Proof of Theorem 5.2 

The idea of the proof of Theorem 5.2 is similar to that used in Theorem 5.1. We only need to 
prove Proposition 5.1 for a strong solution u of equation (5.1). Different from Theorem 5.1, since 
the multiplicity of a complex root may be two, the matrix which makes the principal symbol (t{Aq) 
become a Jordan canonical form is only defined locally. Therefore, by a localization technique, we 
get the desired estimate. In the following, we give a sketch of the proof of Theorem 5.2. 

Step 1 First, under the conditions (HI), (H3) and (H4), there exist a finite covering {Gfej^^i 
(A^i G N) of { ^ G R"; |^| = 1}, and sufficiently small r and T such that 

rl ■ a{Ao) ■ r*k~^ = jl, for a.e. {t, u) G (0, T) x O and any (x, e -^r x Gfe, 

where r^, r^~^ G fj L^{0,T;C^ {Br x Gk)) and is a Jordan canonical form of a{Ao). Denote 
by {'fk}k=i ^ finite number of smooth functions such that {<^|}j^^ is the partition of unity for 

{Gfel^li and E = 1 on { e G R"; |C| = 1}- After (pk is extended homogeneously of order to 
fe=i 

R"\{0} with respect to ^, we denote by the associated pseudo-differential operator determined 
by symbol cpk and write Yj, = ^k^- Also, we choose smooth functions ipk '■ ^ ^"'t |C| = 1} ^ 
satisfying that V'fc(^) = ^ on supp<^fe and set 

«fe(i,w,a;,0 = o-(Ao)(t,u,x,ipk{0)^ rk{t,u,x,^) = rl{t,u,x,i)k{,C))- 

Then, after we extend a\ {resp. Vk and r^^) homogeneously of order 1 {resp. order 0) with respect 
to ^, we get that rk ■ a\ ■ r^^ = jk for a.e. {t,u) G (0,r) x fl and any {x,$,) e Br x R'^\{0}, 
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where is a Jordan canonical form of a^. Denote by R^, A^, and the SPDOs determined 
by rk,ak,r]^^ and jk, respectively. 

Step 2 Set Zk = RkYk- If the geometric multiplicity and the algebraic multiplicity for every root 
equal, then is a diagonal matrix and we can derive the desired result in the same way as that in 
the last subsection. Otherwise, by Lemma 5.1 and invertibility of elliptic SPDOs, it is easy to see 
that the following result holds. 

Lemma 5.2 Suppose that Ai and Bi are two SPDOs of order (1, oo) and their symbols are real. If 
Bi = or Bi is elliptic, andzi,Z2 G Lj^{Q;C{[0,T];H^{MP'))) is an H^^RP) -valued semimartingale 
satisfying Zj{0) = Zj{T) = (j = 1,2) a.s., then there exists a constant C = C{Bi,n) such that for 
sufficiently small and T, it holds 



E 



y^e'^(*-'^)'|zi|i2(R„)di + iE e^'^'-^^'W-T)zi-Bi{t)zi\l2^^r.^dt 





+E/ e'^(*-^)'|z2li2(Rn)dt 



g 

< -ReE 
4 

ImE 

IJ- 

-4E 



JR 

T 



If 2 

+ _E / e'^^*-^)^!* - T)Z2 - Bi{t)z2\l2mndt 

IJ- Jo ^ ' 

-dzi - Ai(t)zidt - iBi(t)zidt + Az2dt 
i 



[in{t-T)zi-iBi{t)zi]dx 



JR" 



dzi - Ai{t)zidt - iBi{t)zidt + Kz2dt 



{Bi{t) - B*{t))zidx 
) 



/ / (t-r)e'^(*-^)'|dzipdx- -ReE / e'^(*-^)'(dzi,Bi(t)(dzi))i2^R, 
JO JR" A* "'0 

/7 

Jo Jk 



+ — ReE 
1^ 

AC rT 

ImE 

IJ- 

rT 



JR 



:dz2 — Ai(t)z2dt — iBi(t)z2dt 



-dz2 — Ai(t)z2dt — iBi(t)z2dt 
I 



[ili{t-T)z2-iBi{t)z2]dx 



{Bi{t) - Bl{t))z2dx 

-4CE r / (i-T)e^(*-^)>Z2pdx- — ReE r e'*(*-^)'(dz2,Si(i)(dz2))L2mnv 

Jo JR" IJ, Jo ^ ^ 

Sketch of the proof. By Lemma 5.1, it remains to estimate the following two terms: 

1 = --ReE r I e''(*"^)^Az2dt • [iiiit -T)zi - iBi{t)zi]dx 
IJ. Jo Jr" 

—ImE / / e^'^^-'^^^ Kz2dt ■ {Bi{t) - Bl{t))zidx. 

U Jo JR" 



+ - 



It is easy to check that 
C rT 
II- 

Also, similar to (5.11), we see that 

rT rT 



I < — E {^Z.2\m{Rr-)\n{t - T)zi - Bi{t)zi\L2iY^n^ + |2;2|i?l(R")|2;i|L2(R")) dt. 



E 



^^k2|^l(R")rft < CE^ ^2 _ J,)^^ _ Sl(t)z2|i2(Rn) + (1 + r/x)|Z2|i2(Rn 



dt. 
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It follows that 



X < r 9^\^i{t - T)zi - Biit)zi\l2(^^n)dt+-W] r e^\n{t - T)z2 - Bi{t)z2\l2(^^)dt 

JO f-ij Jo 

r e'^\n{t-T)z2-Bi{t)z2\l2(^n)dt+-{l + Tii)m r 9'^\z2\l2(^n.dt (5.17) 



Applying the result of Lemma 5.1 to zi and Z2, respectively, by (5.17), we obtain the desired result. 



Lemma 5.2 implies the following result. 

Proposition 5.3 There exists a constant C > 0, such that for sufficiently small fi~^ and T, 

1, 



E 



T 



e'^^*-^) \Zk{t)\l,^^n^dt + -Ej^ e^(*-^) \^i{t-T)Zk{t)-B^{t)Zk{t)\l2^^^.■^dt 



c 






< — 


E / 






JO 


C 


E 


+- 








-CE / 



JR 



dZk - Jk{t)Zk{t)dt ■ {Bi{t) - Bl{t))Zk{t)dx 



(5.18) 



CE r I {t- T)e^^'-^'^''\dZk\^dx - -ReE e''^^-^'^\dZk,Bi{t){dZk)). 
Jo Jr" M -^0 

Step 3. Finally, we give an estimate of Y, which implies Proposition 5.1. Similar to (5.14), we 
can show that there exist a constant C > and a SPDO Tq*^ G £^(C/), such that 



E 



£ 9^\Yk{t)\l,^^„)dt < cm l\^{\Zkit)\l,^^„^ + \Ykit)\jj-i^nu^)dt- 



Rk -dYk{t) - AYk{t)dt = -dZkit) - JkZk{t)dt + T^fYk{t)dt. 



E 



c 
+— 

+-E 
A* 

E 



Therefore, similar to (5.15), we see that 

IE^^e^(*-^)Vfe|i2(R„)dt + j\i^i'-'^?\^ji{t - T)RkYk - B^{t)RkYk\l2^^r.^dt 

e'^(*-^)'i?fc (-dYk - AYkdt] ■ [iix{t - T)RkYk - iBi{t)RkYk]dx 
Jo Jn" \^ / 

^lo ''''^''^^'^^ ij'^^^ ~ AkYkdt^ ■ {Bi{t) - Bl{t))RkYkdx 

{t - T)\RkdYk\^dx - -ReE e\RkdYk,Bi{t)RkdYk) 
u Jo 



H Jo JR 



Ni 



By the definition of Yj,, it is easy to show that |^|ifs(R") = J2 l^fe|if«(R") for any s G R and 

fc=i 
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A^kY - ^kAY = TokY, where Tok G C^^{U). Hence, it follows that 

If we take r and — sufficiently small, then the above inequality implies Proposition 5.1. 

Remark 5.2 In [I4J, for deterministic partial differential equations of order m, principal symbols 
are required to have C°° coefficients. However, by the proofs of Theorem 5.1 and Theorem 5.2, we 
notice that the coefficients of equation (5.1) should only belong to the space X^o- This is because 
we actually consider t and u as two parameters. In fact, we find that in the deterministic case, all 
pseudo-differential operators appeared in the proof of uniqueness theorem may regard the variable 
t as a parameter. Therefore, in the classical Calderon uniqueness theorem, it is sufficient that the 
coefficients of principal symbols are required to be with respect to t. 
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